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ON A CURVATURE FLOW MODEL FOR EMBRYONIC EPIDERMAL WOUND
HEALING
SHUHUI HE, GLENWHEELER, VALENTINA-MIRAWHEELER
ABSTRACT. The paper studies a curvature flow linked to the physical phenomenon of wound
closure. Under the flow we show that a closed, initially convex or close-to-convex curve shrinks
to a round point in finite time. We also study the singularity, showing that the singularity profile
after continuous rescaling is that of a circle. We additionally give a maximal time estimate, with an
application to the classification of blowups.
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1. INTRODUCTION
Wound healing is a complex and essential biological process for an organism to repair damaged
tissue and therefore survive the hostile external environment. Ideally, the injury site is to be
replaced by tissue that has its original structure and functions. This is so called regenerative
wound healing. Early research, such as [8, 17, 18], show that some eukaryotic organisms are able
to perform regenerative healing throughout their life time, while humans only have this ability
during prenatal development. In adulthood, wound healing typically generates a mass of non-
functioning cells and structure which is referred to as scarring. This limitation of adult wound
healing ability may lead to severe clinical consequence such as non-healing wounds, congestive
heart failure and liver cirrhosis. Various existing models for wound healing focus on different
aspects of the complicated adult wound healing process, see for example [9, 28, 29, 32].
Instead of studying the complicated biomechanical process, we focus on a much simpler set-
ting: embryonic epidermal wound healing. This healing process is regenerative and has also
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been extensively studied. A current modeling technique is to study the change of shape of the
wound under prescribed forces acting on the leading edge of the wound. We adapt the approach
suggested in [2, 32], to describe the movement of the leading edge with a curvature term and a
source term.
In our model, we treat the leading edge of a wound as a simple closed plane curve. This
assumption is valid as in the embryonic wound healing setting, an epidermal wound typically
contains very few layers of cells, and can be considered as a flat surface. We investigate the
forces that contribute to the movement of the curve.
There are three forces acting on the leading edge that we take into consideration. The first
force is actin cable contraction. When a wound is presented, actin is assembled to surround the
wound opening to form a dense actin cable network. The contraction of the actin cable acts as
a purse-string and contributes to a local force proportional to the curvature of the leading edge.
The second force comes from lamellipodial crawling. This is a biological response that cells on
the leading edge extend protrusions into tissues within the wound and drag themselves forward,
advancing into the wound. This closing force is locally constant and is in the direction normal to
the edge. The last force is epidermal tension, a force that comes from the pulling of surrounding
cells, resisting the closure of the wound. This force is again acting in the normal direction and
can be considered locally constant.
The velocity V at a point on the leading edge is therefore
(1) V (x) = σ1k(x)ν(x) + (σ
L
2 − σE2 )ν(x) = σ1k(x)ν(x) + σ2ν(x)
where σ1, σ
L
2 , σ
E
2 are constants corresponding to the three forces above, with σ1 > 0, σ
L
2 , σ
E
2 ∈
R, x is a position along the leading edge, k(x) is the curvature of the leading edge at x (it is
positive for convex wounds), ν(x) is the inward-pointing unit normal to the leading edge at x,
and σ2 := σ
L
2 − σE2 .
Throughout this article we assume that:
(σ1 > 0) Physically this means that convex regions of the actin cable tend to contract inward,
and concave regions tend to relax outward. This is reasonable, as elliptical regions are
convex and if σ1 < 0 then they would expand, which is not physical. Mathematically
this is required for parabolicity and to therefore generate a unique solution from given
initial data.
(σ2 > 0) This is a physical assumption amounting to the claim that lamellipodial crawling is a
greater force than epidermal tension. Physically this is reasonable, for two reasons: One,
a locally straight region of a closed wound (where k = 0) moves inward, if σ2 < 0, then
such regions would move outward; and two, if σ2 < 0, then a circular wound of radius
−σ1σ2 would remain stationary under the flow and never heal.
Remark. While the above considerations justify the sign of σ1 and σ2, they do not address the
fact that here we assume they are constant. This assumption is one of simplicity. In later work
we will replace this with anisotropy and other more general hypotheses.
The velocity (1) gives rise to an evolution equation for embedded closed plane curves, a curva-
ture flow, that is a modified version of the classical curve shortening flow. The curve shortening
flow has velocity given by (1) with σ1 = 1 and σ2 = 0. The curve shortening flow has been
extensively studied, see for example [13, 16, 20].
Let us now describe the mathematical model and state our main result. Let γ0 : S
1 → R2
be a plane embedded, closed curve describing an initial wound. Consider a family of closed,
embedded curves γ : S1 × [0, T )→ R2 representing the leading edge of a wound as it evolves in
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time, according to
∂tγ(x, t) = F (x, t)ν = (σ1k(x, t) + σ2) ν(x, t) in S
1 × [0, T ),(2)
γ(·, 0) = γ0(·),
The problem (2) is a system of degenerate nonlinear parabolic PDE of second order on a compact
domain. Local well-posedness for sufficiently smooth data follows by standard techniques.
In this paper, our focus is on global analysis for the flow. Our main result is as follows.
Theorem 1.1. Let γ : S1 × [0, T )→ R2 be a family of plane, smooth, embedded, closed curves
evolving under the flow (2). Then the flow exists for at most finite time T <∞. If the initial curve
γ0 is convex, then the curves γt(·) := γ(·, t) contract exponentially fast in the smooth topology to
a smooth round point as tր T .
Furthermore, if the initial curve γ0 satisfies for some α ∈ (0, 2)
(3) L0‖ks‖22
∣∣∣
t=0
≤ 1
196σ21


√
25σ22 +
14σ1(2 − α)
Tmax
− 5σ2


2
,
where Tmax is an upper bound for the maximal time T of smooth existence that depends only on
γ0 (see Theorem 1.2), then there exists a t0 such that for all t ∈ (t0, T ), γ(·, t) is convex, and we
have again smooth convergence to a round point as tր T .
Our method of proof is inspired by the existing literature. We use the integral estimate method
of Gage-Hamilton [13] in Section 3 to show, essentially, that the flow may be smoothly extended
so long as the enclosed area is bounded away from zero. This implies that the enclosed area
must vanish at final time. An additional argument and convexity is required to show that length
also vanishes at final time – a key step in arguments to come. The main technical difficulty is to
identify the asymptotic shape of the flow. Indeed, there are conjectures [10] on non-local flows
of a similar form that suspect the asymptotic shape is an ellipse or something more exotic.
A modified curve shortening flow with anisotropy is studied in [5, 7]. There, it is shown that
some classes of curve shortening flows shrink convex curves to round points. In a later article the
non-convex case is studied [6], however the condition (0.7) they place there rules out σ2 = const
unless const = 0. We use the ideas of Chou-Zhu for various estimates, especially for the a-priori
curvature estimate on the rescaled flow. These appear in the Appendix. We thank the authors for
the inspiration. We should also note that the Chou-Zhu curvature estimate uses in turn the ideas
of Gage-Hamilton [13], in particular, using an estimate for the entropy to (eventually) bound the
curvature.
We perform a natural rescaling that sets the final value of the enclosed area to σ1π. The
aforementioned curvature estimate allows us to extract a smooth limit from the rescaling. In
order to identify the shape of this limit we use the monotonicity formula from Huisken [21], with
a slight modification in order to apply it to our setting here.
Our partial result on the non-convex case is via integral estimate techniques. In Section 5, our
key idea is to prove that a flow that is initially almost-convex can not admit a continuous rescaling
(as in Section 5) that remains non-convex for all rescaled time. Then, once the flow is convex,
arguments from Sections 2–4 and Appendices A, B in the paper apply to give smooth convergence
of the rescaled flow to a round circle. Once written in terms of the original flow, the smallness
condition relies upon an upper bound for maximal time of existence. This is elementary to derive,
using either the avoidance principle for solutions to the flow, or the evolution of length (or area).
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Much harder than the upper bound for maximal time is a lower bound. This has been clas-
sically interesting in the literature, and has impact on certain discrete rescalings around singu-
larities, called blowups (see Theorem 1.3 below). For this we use a concentration-compactness
alternative pioneered by Struwe [34]. Differences here abound: We use a product functional
(length and curvature in L2) which is scale invariant, the product functional may not be globally
small regardless of initial data, and our flow can not exist globally. These features necessitate
changes in the proof of the concentration-compactness alternative and the lower bound on max-
imal time. Key parts of these arguments are inspired by methods used by the second author in
the study of curvature flow of higher-order and with the third author on curvature flow with free
boundary [27, 30, 31, 37, 38, 39]. The maximal time estimate is:
Theorem 1.2 (Lifespan theorem). Let γ : S1 × [0, T ) → R2 be a non-convex solution to (2).
There are constants ρ ∈ (0, 1), ε1 > 0, and c0 <∞ such that
sup
x∈R2
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds
∣∣∣
t=0
= ε(x) ≤ ε1
implies that the maximal time T satisfies
Tmax :=
1
2πσ1σ2
min{L0σ1, A0σ2} ≥ T ≥ 1
c0
ρ2 := Tmin ,
where L0 and A0 denote the initial length and enclosed area of the flow. We additionally have
the estimate
(4) LB ρ
2
(x)
∫
γ−1(B ρ
2
(x))
k2 ds ≤ cε1 for 0 ≤ t ≤ Tmin .
Qualitatively, the lifespan theorem implies that a certain quantum of curvature concentrates
along the flow in smaller and smaller intervals as a singularity develops. This has been used by,
for example, Kuwert-Scha¨tzle in their study of the Willmore flow of surfaces [23, 22]. In Section
7 we describe how it can be used to partially classify blowups of non-circular singular points for
our flow here.
Theorem 1.3 (Non-circular blowups). Let γ : S1 × [0, T ) → R2 be a family of plane, smooth,
immersed closed curves evolving under the flow (2). Suppose that γt do not contract to a round
point as tր T . Then:
• γt is not convex for every t ∈ [0, T );
• For all t ∈ [0, T ),
L‖ks‖22
(
t
)
>
1
196σ21


√
25σ22 +
14σ1(2− α)
Tmax
− 5σ2


2
;
• The discrete blowup γ∞ exists, and has the following properties:
– is an ancient non-convex solution to curve shortening flow, and
– each component of the blowup is either non-compact, non-embedded, or both.
We conjecture that for some values of σ1 and σ2 there is non-preservation of embeddedness
and non-round singular profiles. It is natural to guess that these singularities are both non-compact
and non-embedded in the blowup.
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2. EVOLUTIONS OF LENGTH, AREA AND CURVATURE
In this section and the rest of this article, latin subscripts are used to indicate partial derivatives
unless otherwise stated.
Let γ : S1× [0, T )→ R2 be a smooth family of closed, embedded, plane curves moving by the
flow (2). The time derivative in (2) is taken along fixed values of the natural parameter u ∈ S1.
In order to study the intrinsic properties of the family of curves efficiently, we reparametrise the
curves by arc-length, and denote the arc-length parameter by s. Note that the arc-length and the
time derivatives do not commute. Indeed, we have ∂s = |γu|−1∂u, and |γu|−1 : S1× [0, T )→ R
is not in general (in this setting) constant in t.
Let τ(u, t) = γu(u,t)|γu(u,t)| be the unit tangent vector to γ(u, t), and ν the inward pointing unit
normal at γ(u, t). By possibly changing orientation (mapping u 7→ −u) we may assume that
ν(u, t) = rotpi
2
τ(u, t)
where rotpi
2
(x, y) = (−y, x) is counter-clockwise rotation through pi2 radians.
The well-known Frenet-Serret equations are
∂sτ = kν, ∂sν = −kτ.
We wish to compute the evolution of geometric quantities under the flow (2). Let us first derive
the commutator for ∂t and ∂s.
Lemma 2.1. Let γ : S1 × [0, T ) → R2 be a solution to (2). The differential operators with
respect to arc-length and time satisfy
∂t∂s − ∂s∂t = kF∂s = k(σ1k + σ2)∂s.
Proof. Using the Frenet-Serret equations, we compute
2|γu||γu|t = ∂t|γu|2 = 2 〈γut, γu〉 = 2 〈(Fν)u, γu〉
= 2|γu|2 〈Fsν + Fνs, γs〉
= 2|γu|2 〈−kFτ, τ〉
= −2kF |γu|2.
Hence
(5) |γu|t = −kF |γu|,
and
∂t∂s = ∂t
(|γu|−1∂u) = |γu|−1∂u∂t − |γu|−2|γu|t ∂u
= ∂s∂t + kF∂s = ∂s∂t + k(σ1k + σ2)∂s.

Let us compute the evolution of the unit tangent and unit normal with the commutator.
Lemma 2.2. Let γ : S1 × [0, T ) → R2 be a solution to (2). We have the following evolution
equations
τt = Fsν = σ1ksν,
νt = −Fsτ = −σ1ksτ.
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Proof. Applying Lemma 2.1 and the Frenet-Serret equations we obtain
τt = (γs)t = γts + kFγs = (Fν)s + kFτ
= Fsν − Fkτ + kFτ = Fsν.
Since γ is a plane curve, we have 〈τ, ν〉 = 0 and νt must be parallel to τ . We have
νt = 〈τ, νt〉 τ = −〈τt, ν〉 τ = −Fsτ.

We may use the above lemmata to compute the evolution of length and the enclosed area of
the curve.
Proposition 2.3 (Length evolution). Let γ : S1 × [0, T ) → R2 be a smooth family of curves
evolving under the flow (2). The length L of the curve γ evolves according to
L′(γ(·, t)) = −
∫
γ
kF ds = −σ1
∫
γ
k2 ds− 2πωσ2 ,
where ω =
∫
γ k ds is the winding number of γ.
Proof. Let us first note that
∂t ds = ∂t(|γu |du) = |γu|t du = −kF ds.
By definition of the length of a curve and the fact that k = θs where θ is the angle made by τ and
a fixed vector, we compute
L′(γ(·, t)) =
∫
γ
|γu|t du = −
∫
γ
kFds
= −
∫
γ
k(σ1k + σ2) ds = −σ1
∫
γ
k2 ds− 2πωσ2 .

Lemma 2.4 (Area evolution). Let γ : S1 × [0, T ) → R2 be a smooth family of curves evolving
under the flow (2). The signed enclosed area A of the curve γ evolves according to
A′(γ(·, t)) = −
∫
γ
F ds = −2πωσ1 − σ2L .
Proof. Note that the definition of signed enclosed area is
A(γ(·, t)) = −1
2
∫
γ
〈γ, ν〉 ds .
Therefore, we see the rate of change of the area satisfies
A′(γ(·, t)) = ∂t
(
−1
2
∫
γ
〈γ, ν〉 ds
)
= −1
2
∫
γ
〈γt, ν〉+ 〈γ, νt〉 − 〈γ, ν〉 kF ds
= −1
2
∫
γ
〈Fν, ν〉+ 〈γ,−Fsτ〉 − 〈γ, Fτs〉 ds
= −1
2
∫
γ
F + 〈γ,−(Fτ)s〉 ds = −1
2
∫
γ
F ds− 1
2
∫
γ
〈γs, F τ〉 ds
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= −
∫
γ
F ds = −
∫
γ
σ1k + σ2 ds = −2πωσ1 − σ2L(γ(·, t)) .

Lemma 2.5 (Energy for the flow). Let γ : S1 × [0, T ) → R2 be a smooth family of curves
evolving under the flow (2). Define the functional
E(γ(·, t)) = σ1L(γ(·, t)) + σ2A(γ(·, t)) .
Then
E′(γ(·, t)) = −
∫
γ
F 2 ds .
Proof. We calculate
E′(γ(·, t)) = σ1
(
− σ1
∫
γ
k2 ds− 2πωσ2
)
+ σ2
(
− 2πωσ1 − σ2L(γ(·, t))
)
= −
∫
γ
σ21k
2 + 2σ1σ2k + σ
2
2 ds = −
∫
γ
F 2 ds ,
as required. 
It follows immediately from the above lemmata and our assumptions that σ1, σ2 > 0 that
length and area are uniformly bounded along the flow. Lemma 2.5 additionally yields finite
maximal existence time in the following sense.
Lemma 2.6 (T < ∞). Let γ : S1 × [0, T ) → R2 be a smooth family of curves evolving under
the flow (2). Suppose that the winding number of the initial data is positive. Then T <∞.
Proof. We first note that (using Lemma 2.7 below)
d
dt
∫
γ
k ds =
∫
γ
σ1kss + σ1k
3 + σ2k
2 − k2(σ1k + σ2) ds = 0
so that the winding number is constant along the flow, and in particular remains positive.
Suppose T =∞. Then∫ ti
0
‖F‖22(t) dt = E(γ(·, 0))− E(γ(·, ti)) ≤ E(γ(·, 0)) <∞ ,
so there exists a subsequence tj → ∞ such that ‖F‖22(tj) ց 0. By smoothness and uniform
boundedness of L, this implies that there exists a sequence εj ց 0 such that
|σ1k(u, tj) + σ2| ≤ εj .
That is,
−σ−11 (εj + σ2) ≤ k(u, tj) ≤ σ−11 (εj − σ2) .
This means that for some sufficiently large j, k(u, tj) is uniformly negative. But this is impossi-
ble, since
∫
γ k ds = 2ωπ > 0. 
One key property of the flow is the preservation of local convexity. For this, we first need the
evolution of the curvature.
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Lemma 2.7 (Curvature evolution). Let γ : S1 × [0, T ) → R2 be a smooth family of curves
evolving under the flow (2). The evolution of curvature is given by
(6) kt = σ1kss + σ1k
3 + σ2k
2.
Proof. We use Lemma 2.1 and Lemma 2.2 to compute
kt = 〈γss, ν〉t = 〈(γs)st, ν〉+ 〈γss, νt〉
= 〈(γs)ts + kFγss, ν〉+ 〈kν,−Fsτ〉
=
〈
(Fsν)s + k
2Fν, ν
〉
= Fss + k
2F = σ1kss + σ1k
3 + σ2k
2.

Corollary 2.8 (Convexity preservation). Let γ : S1 × [0, T )→ R2 be a smooth family of curves
evolving under the flow (2). Suppose k(u, 0) ≥ k0. Then k(u, t) ≥ k0.
Proof. Apply the minimum principle to (6). 
3. CURVATURE ESTIMATES AND FINITE TIME EXISTENCE
In this section we obtain estimates inspired by the classical work of Gage-Hamilton [13].
Let us start with reparametrising the family of curves by the tangent angle θ, which is the angle
between the tangent line and the x-axis. This is a convenient choice of parameter for the study of
closed convex curves. We have the following relationship between the angle parameter θ and the
arc-length parameter s.
Lemma 3.1. Let γ : S1 × [0, T ) → R2 be a family of closed, embedded, convex plane curves
parametrised by tangent angle θ under the flow (2). We have
∂θ
∂s
= k,
∂θ
∂t
= Fs = σ1ks.
Proof. For such a parametrisation, the unit tangent and unit normal of the curve has the expression
τ(θ) = (cos θ, sin θ) and ν(θ) = (− sin θ, cos θ) respectively. We can therefore compute
∂τ
∂s
=
∂τ
∂θ
∂θ
∂s
= (− sin θ, cos θ)∂θ
∂s
=
∂θ
∂s
ν;
∂τ
∂t
=
∂τ
∂θ
∂θ
∂t
=
∂θ
∂t
ν.
The first equality of the lemma follows from comparing the top equation with the Fernet-Serret
equation ∂τ∂s = kν. The second equality is obtained by comparing the expression of
∂τ
∂t to the
corresponding one in Lemma 2.2. 
The space parameter θ does not commute with the time parameter t. However, we can
reparametrise in time by t′ such that (θ, t′) are independent. In the following, we reparametrise
the curves from (u, t) to (θ, t′) and define the new differential operator ∂t′ to be the time deriva-
tive taken along fixed θ. We can write down the evolution equation for k with parameters θ and
t′ as the following.
Lemma 3.2. Let γ : S1 × [0, T ) → R2 be a family of closed, embedded, convex plane curves
under the flow (2). The evolution of curvature with respect to the parameters (θ, t′) is given by
kt′ = k
2(Fθθ + F ) = σ1k
2kθθ + σ1k
3 + σ2k
2.(7)
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Proof. This is a transformation of (6) via Lemma 3.1. Note that
ks =
∂k
∂θ
∂θ
∂s
= kθk, kss = k
∂
∂θ
(
k
∂k
∂θ
)
= kk2θ + k
2kθθ,
and
kt =
∂k
∂t′
∂t′
∂t
+
∂k
∂θ
∂θ
∂t
=
∂k
∂t′
+
∂k
∂θ
(σ1ks) = kt′ + σ1kk
2
θ .
Substituting these into (6), the result follows. 
For the rest of the paper, we abuse notation and replace t′ by t for simplicity whenever the
tangent angle is used as the space parameter.
Next, we present a result found in [13], which can be viewed as a version of the fundamental
theorem of curves for simple closed convex plane curves. We provide a proof for the convenience
of the reader.
Lemma 3.3 (Gage-Hamilton [13]). A positive 2π periodic function k(θ) represents the curvature
function of a simple closed strictly convex C2 plane curve γ if and only if
(8)
∫ 2pi
0
cos θ
k(θ)
dθ =
∫ 2pi
0
sin θ
k(θ)
dθ = 0.
Proof. Let k : S1 → R be the curvature function of a unit speed curve. As the curve is closed,
we must have
0 =
∫ L
0
τ ds =
∫ L
0
τ
1
k(θ)
dθ =
∫ 2pi
0
(
cos θ
k(θ)
,
sin θ
k(θ)
)
dθ.
This proves one direction of the claim.
To see the other direction, suppose that k : S1 → R is a positive 2π periodic function satisfy-
ing (8). We claim
(9) γ(θ) =
(∫ θ
0
cos θ′
k(θ′)
dθ′,
∫ θ
0
sin θ′
k(θ′)
dθ′
)
represents the associated curve in the plane up to translation and rotation, i.e., isometries of R2.
Let
(10) x(θ) =
∫ θ
0
cos θ′
k(θ′)
dθ′ and y(θ) =
∫ θ
0
sin θ′
k(θ′)
dθ′.
As both cos θ′ and k(θ′) are 2π periodic functions, we must have cos θ
′
k(θ′) and hence x(θ) also
2π periodic. Similarly, as sin θ′ is 2π periodic as well, we conclude that y(θ) must also be 2π
periodic. Since the position vector is 2π periodic, the reconstructed curve η(θ) = (x(θ), y(θ))
must be closed.
Let us compute the tangent vector ~T (θ) for η(θ) = (x(θ), y(θ)) using (10),
~T (θ) := ηθ =
(
∂
∂θ
∫ θ
0
cos θ′
k(θ′)
dθ′,
∂
∂θ
∫ θ
0
sin θ′
k(θ′)
dθ′
)
=
(
cos θ
k(θ)
,
sin θ
k(θ)
)
.
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Hence |ηθ| = 1k(θ) and the unit tangent τ(θ) = (cos θ, sin θ). We also have the unit normal
ν(θ) = (− sin θ, cos θ). The curvature scalar of η(θ) can be computed via
k(η(θ)) =
〈
1
|ηθ|
(
ηθ
|ηθ|
)
θ
, ν
〉
= 〈k(θ)(− sin θ, cos θ), (− sin θ, cos θ)〉 = k(θ).
Thus we conclude the function k(θ) represents the curvature function of η(θ) = (x(θ), y(θ)).
Hence γ(θ) as defined in (9) represents the same curve as η(θ) and we have proved the claim.

Theorem 3.4. The flow problem (2) is equivalent to the initial value PDE problem:
Find k : S1 × [0, T )→ R satisfying
(1) k ∈ C2+α,1+α(S1 × [0, T − ε]) for all ε > 0.
(2) kt = σ1k
2kθθ + σ1k
3 + σ2k
2.
(3) k(θ, 0) = ψ(θ) where ψ ∈ C1+α(S1) is strictly positive and satisfies∫ 2pi
0
cos θ
ψ(θ)
dθ =
∫ 2pi
0
sin θ
ψ(θ)
dθ = 0.
Proof. It is a direct consequence of Lemma 3.2 and Lemma 3.3 that a solution to (2) leads to a
solution to the above initial value PDE system. On the other hand, given a solution to Theorem 3.4
part (2), we are able to re-construct the family of curves satisfying (2) up to translation and
rotation. This is achieved using the formula (9). The initial condition of k(θ) ensures it can be
viewed as a curvature function to an initial curve moving by the flow, and the initial curve is again
constructed via (9). 
The change of parametrisation does not affect the preservation of convexity (Corollary 2.8).
We may phrase this in the context of Theorem 3.4 as follows.
Lemma 3.5. If k : S1 × [0, T ) → R satisfies the assumptions of Theorem 3.4, then kmin(t) =
inf{k(θ, t)|0 ≤ θ ≤ 2π} is a nondecreasing function.
We next show that the curvature k has a uniform bound if the area is uniformly bounded from
below.
Theorem 3.6 (Curvature bounds). Suppose k : S1 × [0, T ) → R satisfies the assumptions of
Theorem 3.4 and that the area enclosed by the associated curves is uniformly bounded away from
zero. Then there exists constants Cp depending only on σ1, σ2, T and α(p) where
α(p) =
p∑
j=0
max |∂jθk(θ, 0)| ,
such that ‖kθp‖∞ ≤ Cp.
We will present a proof that follows the curve shortening case as in [13] with three steps to
complete: the geometric estimate, the integral estimate and the pointwise estimate. The assump-
tion of enclosed area bounded away from zero implies the length must also be strictly positive.
These together provide a foundation for the geometric estimate and the rest of the argument.
In order to develop the geometric and integral estimates, we require the concept of the median
curvature k∗:
k∗ = sup{b : k(θ) > b on some interval of length π} .
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Proposition 3.7 (Geometric estimate [13]). Let γ : S1 × [0, T ) → R2 be a family of convex
closed plane curve with curvature function k : S1 × [0, T ) → R, corresponding enclosed area
A : [0, T )→ R and length L : [0, T )→ R. The relation k∗(t) < L/A holds.
Proof. This result is independent of the flow. It was first proved in [13]. Here we give for the
convenience of the reader an overview of the proof.
Given that the median curvature satisfies k∗(t) > M , the curve γ restricted to an interval
(a, a + π) has curvature k(θ, t) > M . This segment of the curve can be contained in a circle of
radius 1/M , and hence between two parallel lines whose distance is at least 2/M apart. This also
implies the entire curve lies between these two parallel lines as the curve is convex. We further
deduce that the convex curve can be contained in a rectangular box with width 2/M and length
L/2. Comparing the enclosed area of γ and the area of the box yields
A(γ) < A(rectangular box) =
2
M
L
2
=
L
M
.
AllowingM to become arbitrarily close to k∗, we have k∗(t) < L/A as required. 
The second step is the integral estimate under a bound on the median curvature.
Proposition 3.8 (Integral estimate). Suppose k : S1 × [0, T ) → R satisfies the assumptions of
Theorem 3.4 with k(θ, 0) > k0 > 0. Suppose for each t ∈ [0, T ), k∗(t) < M < ∞. Then we
have the following uniform bound for the entropy along the flow:∫ 2pi
0
log k(θ, t) dθ ≤
∫ 2pi
0
log k dθ
∣∣∣∣
t=0
+
(
2M +
σ2
σ1
)
L(0) + 2πσ1M
2T .
Proof. Using the evolution of curvature and integration by parts we obtain
d
dt
∫ 2pi
0
log k dθ =
∫ 2pi
0
1
k
∂k
∂t
dθ =
∫ 2pi
0
σ1kkθθ + σ1k
2 + σ2k dθ
= σ1
∫ 2pi
0
k2 − k2θ dθ + σ2
∫ 2pi
0
k dθ.
To estimate the first integral above, we see that for a fixed t, the space domain is comprised of
two distinct subsets: the open set U = {θ|k(θ, t) > k∗(t)} and its complement set V = S1 − U .
The definition of median curvature implies that the open set U is a countable union of disjoint
intervals Ii, each of length no bigger than π. We can apply the Wirtinger’s inequality to the
function k(θ, t)− k∗(t) in the closure of each interval Ii to see∫
I¯i
(k − k∗)2 dθ ≤
∫
I¯i
k2θ dθ .
Rearrange and noting that k∗ is positive by convexity, we have∫
I¯i
k2 − k2θ dθ ≤ 2k∗
∫
I¯i
k dθ − 2
∫
I¯i
(k∗)2 dθ ≤ 2k∗
∫
I¯i
k dθ.
Taking the union of the sets Ii, we obtain
σ1
∫
U
k2 − k2θ dθ ≤ 2σ1k∗
∫
U
k dθ ≤ 2σ1k∗
∫ 2pi
0
k dθ.
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On the complement set, we have k(θ, t) ≤ k∗(t), hence
σ1
∫
V
k2 − k2θ dθ ≤ σ1
∫
V
k2 dθ ≤ σ1
∫ 2pi
0
k2 dθ ≤ 2πσ1(k∗)2.
We therefore get a bound on the whole interval
σ1
∫ 2pi
0
k2 − k2θ dθ ≤ 2σ1k∗
∫ 2pi
0
k dθ + 2πσ1 (k
∗)2 .
Recalling the evolution of length from Proposition 2.3 and dθ = k ds, we obtain
d
dt
∫ 2pi
0
log k dθ ≤ 2σ1k∗
∫ 2pi
0
k dθ + 2πσ1 (k
∗)2 + σ2
∫ 2pi
0
k dθ
≤
(
2k∗ +
σ2
σ1
)
(−Lt − 2πσ2) + 2πσ1(k∗)2.
Note that here we used that ω = 1, which follows immediately from convexity and embeddedness
of the flow. Assume that k∗ < M and integrate to obtain∫ 2pi
0
log k(θ, t) dθ ≤
∫ 2pi
0
log k dθ
∣∣∣∣
t=0
+
(
2M +
σ2
σ1
)
(L(0)− L(t)− 2πσ2t) + 2πσ1M2t
≤
∫ 2pi
0
log k dθ
∣∣∣∣
t=0
+
(
2M +
σ2
σ1
)
L(0) + 2πσ1M
2t,
for all t < T . 
Next, we shall upgrade the integral estimate to a pointwise estimate.
Lemma 3.9. Suppose k : S1×[0, T )→ R satisfies the assumptions of Theorem 3.4 with k(θ, 0) >
k0 > 0. The following estimate holds:∫ 2pi
0
k2θ dθ ≤
∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
+
∫ 2pi
0
k2 dθ +
σ22
2σ1
∫ t
0
∫ 2pi
0
k2 dθdt .
Proof. We compute
d
dt
∫ 2pi
0
k2 − k2θ dθ = 2
∫ 2pi
0
(kkt − kθkθt) dθ = 2
∫ 2pi
0
(kθθ + k)kt dθ
= 2
∫ 2pi
0
(kθθ + k)
(
σ1k
2kθθ + σ1k
3 + σ2k
2
)
dθ
= 2σ1
∫ 2pi
0
(kθθ + k)
2k2 dθ + 2σ2
∫ 2pi
0
(kθθ + k)k
2 dθ.
We apply Cauchy’s inequality to obtain a lower bound for the last term with ε > 0 to be chosen:
2σ2
∫ 2pi
0
(kθθ + k)k
2 dθ ≥ −2σ2
∫ 2pi
0
|(kθθ + k)k||k| dθ
≥ −2σ2ε
∫ 2pi
0
(kθθ + k)
2k2 dθ − 2σ2
4ε
∫ 2pi
0
k2 dθ.
Choosing ε = σ1/σ2, we obtain
2σ2
∫ 2pi
0
(kθθ + k)k
2 dθ ≥ −2σ1
∫ 2pi
0
(kθθ + k)
2k2 dθ − σ
2
2
2σ1
∫ 2pi
0
k2 dθ.
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Hence
d
dt
∫ 2pi
0
k2θ − k2 dθ ≤
σ22
2σ1
∫ 2pi
0
k2 dθ.
Integrating both sides in time, the conclusion follows. 
Proposition 3.10 (Pointwise estimate). Suppose k : S1 × [0, T ) → R satisfies the assumptions
of Theorem 3.4 with k(θ, 0) > k0 > 0. Suppose∫ 2pi
0
log k(θ, t) dθ ≤ C1 .
Then
kmax(t) ≤ 2e4(C1+2pi| log k0|)
(√
2pi+σ2
√
piT
σ1
)2
+
(√
2π + σ2
√
πT
σ1
)−1√∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
.
In particular k(θ, t) is uniformly bounded on S1 × [0, T ).
Proof. Preservation of convexity implies that k(θ, t) > k0 for all θ and t. Fix a time t0 and a
positive number V , and consider the set IV = {θ : log k(θ, t0) ≥ V } containing all points such
that log k(θ, t0) is not less than V . We have
C1 ≥
∫ 2pi
0
log k(θ, t0) dθ =
∫
IV
log k(θ, t0) dθ +
∫
S1\IV
log k(θ, t0) dθ
≥ V µL(IV ) + log(k0)µL(S1\IV )
where µL(·) denotes the Lebesgue measure of a set. Rearrange to see that
V µL(IV ) ≤ C1 − log(k0)µL(S1\IV )
≤ C1 + | log(k0)|µL(S1\IV )
≤ C1 + | log(k0)|µL(S1).
Let C2 = C1 + | log(k0)|µL(S1), then µL(IV ) ≤ C2V . Fixing δ = C2V , we have k(θ, t0) ≤ e
C2
δ
for all θ /∈ IV . We have for any ϕ ∈ S1, a /∈ IV ,
k(ϕ) = k(a) +
∫ ϕ
a
kθ dθ
≤ eC2δ +
√
δ
(∫ 2pi
0
k2θ dθ
) 1
2
≤ eC2δ +
√
δ
(∫ 2pi
0
k2 dθ +
σ22
2σ1
∫ t
0
∫ 2pi
0
k2 dθdt+
∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
) 1
2
,
by the previous Lemma. Thus, suppose kmax is the maximum value of k, then
kmax ≤ e
C2
δ +
√
δ
(
2πk2max +
σ22
2σ1
∫ t
0
2πk2max dt+
∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
) 1
2
≤ eC2δ +
√
2πδkmax +
√
πTδ
σ1
σ2kmax +
√
δ
∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
.
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Absorbing yields
kmax ≤
e
C2
δ +
√
δ
∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
1−
√
2πδ −
√
piTδ
σ1
σ2
.
Choose finally δ = 14
(√
2π + σ2
√
piT
σ1
)−2
, so that the above becomes
kmax ≤ 2e4C2
(√
2pi+σ2
√
piT
σ1
)2
+
(√
2π + σ2
√
πT
σ1
)−1√∫ 2pi
0
k2θ − k2 dθ
∣∣∣∣
t=0
as required. 
In the rest of this section, we show that assuming k is bounded, we can find bounds for all
higher derivatives of k. Since we obtain the curvature bound so long as the area is positive, this
implies that the flow continues to smoothly exist until it shrinks to a point. We begin with a series
of lemmata.
Lemma 3.11. Suppose k : S1 × [0, T ) → R satisfies the assumptions of Theorem 3.4 with
k(θ, 0) > k0 > 0. If k(θ, t) < kmax <∞, then
|kθ(θ, t)| ≤ e2T (3σ1k
2
max+2σ2kmax)max |kθ(θ, 0)| .
Proof. We use the maximum priciple to prove that kθ grows at most exponentially, that is
k2θ(θ, t) ≤ e−2αtk2θ(θ, 0),
for some negative constant α on a finite time interval [0, T ).
We first compute
kθt = σ1
(
k2kθθθ + 2kkθkθθ + 3k
2kθ
)
+ 2σ2kkθ.
LetX = eαtkθ , then the above equation can be rewritten as
e−αt(Xt − αX) = e−αt
[
σ1
(
k2Xθθ + 2e
−αtkXXθ + 3k2X
)
+ 2σ2kX
]
, so
Xt − σ1k2Xθθ = 2e−αtσ1kXXθ +
(
3σ1k
2 + 2σ2k + α
)
X.
Therefore,(
∂t − σ1k2∂θθ
)
X2 = 2XXt − σ1k2(2X2θ + 2XXθθ)
= 2X
(
Xt − σ1k2Xθθ
)− 2σ1k2X2θ
= 2
(
3σ1k
2 + 2σ2k + α
)
X2 + 2e−αtσ1kX(2XXθ)− 2σ1k2X2θ
≤ 2 (3σ1k2 + 2σ2k + α)X2 + 2e−αtσ1kX(X2)θ.
Suppose k is bounded uniformly by kmax. Then we can choose α < −3σ1k2max−2σ2kmax so that
the coefficient ofX2 is negative. Then, the conclusion follows by the maximum pinciple. 
Lemma 3.12. Suppose k : S1 × [0, T ) → R satisfies the assumptions of Theorem 3.4 with
k(θ, 0) > k0 > 0. If k < kmax <∞ and |kθ| ≤ C3, then∫ 2pi
0
k4θθ dθ ≤
(
2Tπ +
∫ 2pi
0
k4θθ dθ
∣∣∣∣
t=0
)
eC
2
3(36σ1+C
2
3(81σ1k
2
max+σ
2
2σ
−1
1 36)
2)T .
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Proof. We compute the following using the evolution equation and integration by parts
d
dt
∫ 2pi
0
k4θθ dθ = 4
∫ 2pi
0
k3θθ
∂
∂t
(kθθ) dθ = 4
∫ 2pi
0
k3θθ
∂2
∂θ2
(kt) dθ
= 4
∫ 2pi
0
k3θθ
(
σ1k
2kθθ + σ1k
3 + σ2k
2
)
θθ
dθ
= −12
∫ 2pi
0
k2θθkθθθ
(
σ1k
2kθθ + σ1k
3 + σ2k
2
)
θ
dθ
= −12
∫ 2pi
0
k2θθkθθθ
(
σ1k
2kθθθ + 2σ1kkθkθθ + 3σ1k
2kθ + 2σ2kkθ
)
dθ
= −12
∫ 2pi
0
σ1k
2k2θθk
2
θθθ + 2σ1kkθk
3
θθkθθθ + 3σ1k
2kθk
2
θθkθθθ + 2σ2kkθk
2
θθkθθθ dθ.
We use Cauchy’s inequality to absorb the last three terms into the first term. We obtain
d
dt
∫ 2pi
0
k4θθ dθ ≤
∫ 2pi
0
c1k
2
θk
4
θθ + c2k
2k2θk
2
θθ + c3k
2
θk
2
θθ dθ,
for some constants c1, c2 and c3 depending on σ1 and σ2 only. Moreover, the Ho¨lder inequality
implies ∫ 2pi
0
k2θθ dθ ≤
√
2π
(∫ 2pi
0
k4θθ dθ
)
.
Combining this with the assumption that k < kmax and |kθ| ≤ C3 is bounded, we deduce that on
a finite time interval
d
dt
∫ 2pi
0
k4θθ dθ ≤
∫ 2pi
0
c1C
2
3k
4
θθ +
(
c2k
2
maxC
2
3 + c3C
2
3
)
k2θθ dθ
≤ C23 (c1 + C23 (c2k2max + c3)2)
∫ 2pi
0
k4θθ dθ + 2π .
Using Gronwall’s inequality we see that
∫ 2pi
0 k
4
θθ dθ grows at most exponentially. Returning to
the choice of c1, c2, c3 we observe that allowable choices are
c1 = 36σ1 , c2 = 81σ1 , c3 = 36
σ22
σ1
.

Lemma 3.13. Suppose k : S1 × [0, T ) → R satisfies the assumptions of Theorem 3.4 with
k(θ, 0) > k0 > 0. If k < kmax <∞, |kθ| ≤ C3, and ‖kθθ‖44 ≤ C4 then∫ 2pi
0
k2θθθ dθ <
(
D2t+
∫ 2pi
0
k2θθθ dθ
∣∣∣∣
t=0
)
eD1t ,
whereD1 = 56σ1C
2
3 and
D2 = 28σ1π
[
2
(
C4 +
1
8
k−40 C
8
3
)
+
9
4
(
C4 +
1
4
k4max
)
+ 9C43 + σ
2
2σ
−2
1
(
k−20 C
4
3 +C4 +
1
4
)]
.
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Proof. In this proof we use k(4) to denote the fourth order derivative of k. We apply integration
by parts to find
d
dt
∫ 2pi
0
k2θθθ dθ = 2
∫ 2pi
0
kθθθ(kt)θθθ dθ = −2
∫ 2pi
0
k(4)(kt)θθ dθ
= −2
∫ 2pi
0
k(4)
(
σ1k
2kθθ + σ1k
3 + σ2k
2
)
θθ
dθ
= −2
∫ 2pi
0
k(4)
(
σ1k
2kθθθ + 2σ1kkθkθθ + 3σ1k
2kθ + 2σ2kkθ
)
θ
dθ
= −2σ1
∫ 2pi
0
k2
(
k(4)
)2
+ 4kkθkθθθk
(4) + 2kk2θθk
(4) + 2k2θkθθk
(4)
+ 3k2kθθk
(4) + 6kk2θk
(4) dθ − 4σ2
∫ 2pi
0
k2θk
(4) + kkθθk
(4) dθ.
Again, by applying Cauchy’s inequality, we can absorb all the other terms into the first term with
some additional penalty terms. That is
d
dt
∫ 2pi
0
k2θθθ dθ ≤ c1
∫ 2pi
0
k2θk
2
θθθ dθ + c2
∫ 2pi
0
k4θθ dθ + c3
∫ 2pi
0
k4θ
k2
k2θθ dθ + c4
∫ 2pi
0
k2k2θθ dθ
+ c5
∫ 2pi
0
k4θ dθ + c6
∫ 2pi
0
k4θ
k2
dθ + c7
∫ 2pi
0
k2θθ dθ.
Estimating k2θθ ≤ k4θθ + 14 and invoking our hypotheses we find
d
dt
∫ 2pi
0
k2θθθ dθ ≤ D1
∫ 2pi
0
k2θθθ dθ +D2 ,
for universal D1 and D2. Applying Gronwall’s inequality, we recover (i). Following through on
allowable constants we see that we may choose
c1 = 56σ1 , c2 = c3 = 14σ1 , c4 =
63
2
σ1 , c5 = 126σ1 , c6 = c7 = 14
σ22
σ1
.
ThenD1 = c1C
2
3 and
D2 = 2π
[
c2C4+c3
(
C4+
1
4
k−40 C
8
3
)
+c4
(
C4+
1
4
k4max
)
+c5C
4
3 +c6k
−2
0 C
4
3 +c7
(
C4+
1
4
)]
.

Lemma 3.14. Suppose k : S1 × [0, T ] → R satisfies the assumptions of Theorem 3.4 with
k(θ, 0) > k0 > 0. If k < kmax <∞, then for all p ∈ N we have
|kθp | ≤ C(σ1, σ2, T, kmax, α(p)) .
Proof. We begin by collecting consequences of the assumed uniform curvature bound from
above. First, Lemma 3.11 implies |kθ| ≤ C(σ1, σ2, T, kmax, α(1)). Then Lemma 3.13 gives,
by the fundamental theorem of calculus, |kθθ| ≤ C(σ1, σ2, T, kmax, α(3)). To begin our general
argument, we need to bound kθθθ. We do this by the maximum principle.
Let us compute
∂
∂t
kθθθ = (kt)θθθ =
(
σ1k
2kθθ + σ1k
3 + σ2k
2
)
θθθ
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= σ1
[
k2k(4) + 4kkθkθθθ + 2kk
2
θθ + 2k
2
θkθθ + 3k
2kθθ + 6kk
2
θ +
2σ2
σ1
(
kkθθ + k
2
θ
)]
θ
= σ1
[
k2k(5) + 6kkθk
(4) +
(
8kkθθ + 6k
2
θ + 3k
2 +
2σ2
σ1
k
)
kθθθ
]
+ σ1
(
6kθk
2
θθ + 18kkθkθθ + 6k
3
θ
)
+ 6σ2kθkθθ.
Since k, kθ and kθθ are all bounded on the finite time interval [0, T ), the second line of the last in-
equality above can be bounded by some constantD = D(σ1, σ2, T, kmax, α(3)), and the term in
parentheses (the coefficient of kθθθ) may be bounded by a constantE = E(σ1, σ2, T, kmax, α(3)).
Letting Y = eαtkθθθ, we can rewrite the above in the same way as we did in Lemma 3.11:
e−αt(Yt − αY ) ≤ e−αtσ1
[
k2Yθθ + 6kkθYθ + EY
]
+D.
Hence
(∂t − σ1k2∂θθ)Y 2 = 2Y (Yt − σ1k2Yθθ)− 2σ1k2Y 2θ
≤ 2αY 2 + 2σ1EY 2 + 6σ1(kmax)C(Y 2)θ + 2eαtDY.
Suppose there exists a new maximum for Y 2 at the point (θ0, t0). Note that we may assume
Y 2(θ0, t0) > 1 and α < 0 so that
(∂t − σ1k2∂θθ)Y 2 ≤ Y 2(2α+ 2σ1E + 2D) + 6σ1(kmax)C(Y 2)θ .
Picking α so negative that
2α+ 2σ1E + 2D < 0
and then noting that at (θ0, t0) we have (Y
2)θ = 0, we have (∂t − σ1k2∂θθ)Y 2 < 0, a contradic-
tion. Hence, k2θθθ(θ, t) ≤ e−2αtkθθθ(θ, 0) ≤ e−2αT ‖kθθθ‖2∞ and so |kθθθ| ≤ C(σ1, σ2, T, kmax, α(3)).
We now show that this implies all the higher derivatives of k are also bounded. The above
bounds imply that if |kθq | ≤ C(σ1, σ2, T, kmax, α(q)) for all q ∈ {0, . . . , p − 1}, the following
evolution equation for kθp holds:
(∂t − σ1k2∂θθ)kθp ≤ 2pσ1kkθ(kθp)θ + Ckθp + C .
Using the substitution above and the assumed bounds, we see that |kθp | ≤ C(σ1, σ2, T, kmax, α(p)).
The claim follows by induction. 
These estimates allow us to obtain qualitative information on the evolution of length and area
up to final time.
Theorem 3.15. If γ(·, 0) is convex, then A(γ(·, t)) → 0 and L(γ(·, t)) → 0 as t ր T . There
exists a final point O ∈ R2 such that
γ(S, t)→ O as t→ T .
Here convergence is understood with respect to the Hausdorff metric on R2.
Proof. Suppose that the area satisfiesA(γ(·, t))→ ε > 0 as tր T . Note that Lemma 2.6 implies
T <∞. Then Proposition 3.7 (note that here and throughout this proof we use convexity) yields a
uniform estimate on the median curvature, which combined with Proposition 3.8 gives a uniform
estimate on the entropy. If γ(·, 0) is convex, then it remains so (see Corollary 2.8). Note that we
know by Lemma 2.6 that T <∞. The uniform estimate on the entropy then by Proposition 3.10
becomes a uniform estimate on curvature depending only on σ1, σ2, T and the initial values of k
and kθ . Finally by Lemma 3.14 all derivatives of curvature are uniformly bounded. Recalling the
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formulation of Theorem 3.4, this implies the extension of the solution beyond T by a standard
argument. Since T is finite, this is a contradiction.
Therefore the area satisfies
A(γ(·, t))→ 0 as tր T .
This is the first conclusion of the theorem. The only possible limiting shapes for γ(·, T ) are
straight line segments and points. As the flow is smooth and closed for all t ∈ [0, T ), any other
possibility is not convex up to final time. If the limiting shape is a point, then we are finished.
If the limiting shape is a straight line segment, then
min
θ∈S
k(θ, t)→ 0 as tր T
But the maximum principle implies
min
θ∈S
k(θ, t) ≥ min
θ∈S
k(θ, 0) > 0 .
This is a contradiction.
Therefore the only possible limiting shape is a point, and so L(γ(·, t))→ 0 as required. 
4. CONTINUOUS RESCALING
We will now study a rescaling of the flow about the final point O. Our goal for the remainder
of the section is to prove that in a weak sense a subsequence converges to a circle. There are
essentially two steps to be completed. Firstly, we further develop our a-priori estimates on the
speed, which then implies the entropy of the rescaled flow is bounded. Secondly, the entropy
bound leads to a two way bound on the curvature and implies subconvergence of the family of
curves.
Consider the scaling factor φ : [0, T )→ R given by
(11) φ(t) = (2T − 2t)−1/2
and set the corresponding rescaled flow γˆ : S1 × [0,∞)→ R2 to be
γˆ(θˆ, tˆ ) = φ(t(tˆ))
[
γ(θ(θˆ), t(tˆ))−O] = 1√
2T
etˆ
[
γ(θ(θˆ), t(tˆ))−O] ,
whereO is the final point given by Theorem 3.15, and
θ(θˆ) = θˆ , t(tˆ) = T (1− e−2tˆ) , tˆ(t) = −1
2
log
(
1− t
T
)
denote the rescaled time and space variables. Under the rescaling, we see that the flow (2) be-
comes
(12)
γˆtˆ(θˆ, tˆ) = φ
′(t(tˆ))t′(tˆ)
[
γ(θ(θˆ), t(tˆ))−O]+ φ(t(tˆ))(∂tγ)(θˆ, t(tˆ))t′(tˆ)
= φ(t(tˆ))
[
γ(θ(θˆ), t(tˆ))−O]+√2Te−tˆ(σ1k(θˆ, t(tˆ)) + σ2)ν(θˆ, t(tˆ))
= γˆ(θˆ, tˆ) +
(
σ1kˆ(θˆ, tˆ) +
√
2Te−tˆσ2
)
νˆ(θˆ, tˆ) .
The motivation for choosing this particular rescaling is that we want the enclosed area Aˆ(tˆ) =
φ2A(t) of the normalised curve γˆ to approach a fixed value (in this case, σ1π) as tˆ approaches
infinity. To explain this we present the following fundamental lemma.
Lemma 4.1. Let γˆ : S1× [0,∞)→ R2 be a solution to the rescaled flow (12) with convex initial
data. Then
Aˆ(γˆ(·, tˆ))→ σ1π as tˆր∞ .
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Proof. First note that we know A(γ(·, t(tˆ)) → 0 and L(γ(·, t(tˆ)) → 0 as tˆ → ∞ by Theorem
3.15. We calculate
lim
tˆ→∞
Aˆ(γˆ(·, tˆ)) = lim
tˆ→∞
φ2(t(tˆ))A(γ(·, t(tˆ)))
= lim
t→T
A(γ(·, t))
2T − 2t
= lim
t→T
−2πωσ1 − σ2L(γ(·, t))
−2 .
Given that L vanishes at final time (and ω = 1), we conclude
lim
tˆ→∞
Aˆ(γˆ(·, tˆ)) = σ1π ,
as required. 
Remark. In [14], the isoperimetric ratio is studied for curve shortening flow and used to prove
thatA(t)→ 0 implies L(t)→ 0. For the flow we study here this approach can not possibly work,
since σ2 ≥ 0 and(
L2(t)
A(t)
)
t
= −2σ1L(t)
A(t)
(
‖k‖22 − π
L(t)
A(t)
)
+ 2σ2
L(t)
A(t)
(
1
2
L2(t)
A(t)
− 2π
)
.
To estimate the first term one may use the inequality ‖k‖22 ≥ 4pi
2
L , which follows from the
Poincare´ inequality, combined with the isoperimetric inequality. The second term on the right
is non-negative however and zero only for a circle (by the isoperimetric inequality).
We additionally note for interest that this rescaling and Theorem 3.15 give a bound on how fast
‖k‖22 blows up for the convex flow, effectively determining already the type of the singularity.
Lemma 4.2. Let γ : S1 × [0, T ) → R2 be a family of closed, embedded, convex plane curves
evolving by the flow (2). Then
‖k‖22(t) = O
(
1√
T − t
)
.
Proof. First, note that
lim sup
tˆ→∞
Lˆ(γˆ(·, tˆ)) <∞ .
This follows from the rescaled length estimate, Lemma B.4. We do not give the proof of Lemma
B.4 here, but rather delay it until we analyse the rescaled entropy, in particular its eventual mono-
tonicity. This is a crucial ingredient in the proof of Lemma B.4, and takes quite some work to
establish.
Therefore
lim
tˆ→∞
Lˆ(γˆ(·, tˆ)) = lim
tˆ→∞
φ(t(tˆ))L(γ(·, t(tˆ)))
= lim
t→T
L(γ(·, t))√
2T − 2t
= lim
t→T
−σ1‖k‖22(t)− 2πσ2
− 1√
2T−2t
= lim
t→T
σ1‖k‖22(t)
√
2T − 2t .
This proves the result. 
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Our main tool is Huisken’s monotonicity formula [21], with a minor modification so that it is
suitable for our flow.
Theorem 4.3. Let γˆ : S1 × [0,∞)→ R2 be a solution to the rescaled flow (12). Set
ρ(γˆ) = e−
|γˆ|2
2σ1 , and R(tˆ) =
∫
γˆ
ρ dsˆ .
Then
(13) R′(tˆ) = −
∫
γˆ
Q2ρ dsˆ+
Tσ22
2σ1
e−2tˆ
∫
γˆ
ρ dsˆ ,
where
Q =
〈γˆ, νˆ〉√
σ1
+
√
σ1kˆ +
√
2Tσ2
2
√
σ1
e−tˆ .
Proof. We calculate
R′(tˆ) =
∫
γˆ
(
1− σ1kˆ2 − σ2kˆ
√
2Te−tˆ − σ−11
〈
γˆ, γˆ + (σ1kˆ + σ2
√
2Te−tˆ)νˆ
〉)
ρ dsˆ
=
∫
γˆ
(
1− σ1kˆ2 − σ2kˆ
√
2Te−tˆ − σ−11 |γˆ|2 − σ−11 σ1kˆ 〈γˆ, νˆ〉 − σ−11 σ2
√
2Te−tˆ 〈γˆ, νˆ〉
)
ρ dsˆ
= −
∫
γˆ
(√
σ−11 γˆ +
√
σ1kˆνˆ +
√
2Tσ2
2
√
σ1
e−tˆνˆ
)2
ρ dsˆ
+
∫
γˆ
(
1 +
(
2
√
σ−11 σ1 − σ−11 σ1
)
kˆ 〈γˆ, νˆ〉+
(
1
√
σ1
2 − σ−11
)
σ2
√
2Te−tˆ 〈γˆ, νˆ〉
)
ρ dsˆ
+
Tσ22
2σ1
e−2tˆ
∫
γˆ
ρ dsˆ
= −
∫
γˆ
(
1√
σ1
γˆ +
√
σ1kˆνˆ +
√
2Tσ2
2
√
σ1
e−tˆνˆ
)2
ρ dsˆ+
∫
γˆ
(
1 + kˆ 〈γˆ, νˆ〉
)
ρ dsˆ
+
Tσ22
2σ1
e−2tˆ
∫
γˆ
ρ dsˆ .
Note that ∫
γˆ
(1 + kˆ 〈γˆ, νˆ〉)ρ dsˆ =
∫
γˆ
σ−11 〈γˆ, τˆ 〉2 ρ dsˆ ,
and (
γˆ − 〈γˆ, τˆ〉 τˆ√
σ1
+
√
σ1kˆνˆ +
√
2Tσ2
2
√
σ1
e−tˆνˆ
)2
=
(
γˆ√
σ1
+
√
σ1kˆνˆ +
√
2Tσ2
2
√
σ1
e−tˆνˆ
)2
− σ−11 〈γˆ, τˆ 〉2 .
This implies
R′(t) = −
∫
γˆ
( 〈γˆ, νˆ〉√
σ1
+
√
σ1kˆ +
√
2Tσ2
2
√
σ1
e−tˆ
)2
ρ dsˆ+
Tσ22
2σ1
e−2tˆ
∫
γˆ
ρ dsˆ
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= −
∫
γˆ
Q2ρ dsˆ+
Tσ22
2σ1
e−2tˆ
∫
γˆ
ρ dsˆ ,
as required. 
A uniform bound for curvature follows by ideas of Chou-Zhu, see Appendix B. This involves
obtaining an a-priori estimate on the entropy (which also yields a length estimate, see Lemma
B.4). For the convenience of the reader we state the main estimate (Theorem B.5) here.
Theorem 4.4. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12) with convex
initial data. There exists a kˆ1 ∈ [0,∞) such that
kˆmax(tˆ) ≤ kˆ1
for all tˆ ∈ [0,∞).
We can now finish our proof.
Theorem 4.5. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12) with convex
initial data. Then γˆ converges smoothly in the C∞ topology to a standard round circle.
Proof. Integrating equation (13) we find
R(0)−R(tˆj) + Tσ
2
2
2σ1
∫ tˆj
0
e−2tˆ
∫
γˆ
ρ dsˆ dtˆ =
∫ tˆj
0
∫
γˆ
Q2ρ dsˆ dtˆ .
By the evolution equation, |γˆ| converges, we let {tˆj} be this subsequence and conclude that
lim
j→∞
∫ tˆj
0
∫
γˆ
Q2ρ dsˆ dtˆ
is bounded. This implies that there is a subsequence that we also call {tˆj} that along which we
have ∫
γˆ
Q2ρ dsˆ→ 0 .
Since we have a curvature bound and a length bound, the estimates from Section 3 apply to give
uniform bounds on all derivatives of curvature. As in Huisken’s Proposition 3.4 of [21], we obtain
convergence to a solution of
〈γ, ν〉 = −σ1k .
Abresch-Langer [1] have classified solutions to this equation. In particular, the only embedded
solution is a circle. 
5. THE NON-CONVEX CASE
Without strict convexity we may not use the θ parametrisation. We briefly calculate evolution
equations for the rescaled flow in terms of rescaled arclength, beginning with |γˆuˆ|2:
|γˆuˆ|tˆ = |γˆuˆ| 〈∂sˆ (γˆtˆ) , τˆ 〉
= |γˆuˆ|
〈[(
σ1kˆ +
√
2Te−tˆσ2
)
νˆ + γˆ
]
sˆ
, τˆ
〉
= |γˆuˆ|
[〈
−kˆ
(
σ1kˆ +
√
2Te−tˆσ2
)
τˆ , τˆ
〉
+ 〈τˆ , τˆ〉
]
= |γˆuˆ|
[
−kˆ
(
σ1kˆ +
√
2Te−tˆσ2
)
+ 1
]
.(14)
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Therefore, the differential operators with respect to rescaled arc-length and rescaled time have
the commutator relation
(15)
∂tˆ∂sˆ = ∂tˆ
(|γˆuˆ|−1∂uˆ) = |γˆuˆ|−1∂uˆ∂tˆ − |γˆuˆ|−2|γˆuˆ|tˆ ∂uˆ
= ∂sˆ∂tˆ +
[
kˆ
(
σ1kˆ +
√
2Te−tˆσ2
)
− 1
]
∂sˆ.
We use the definition of the rescaling to calculate
(16)
kˆtˆ =
(
k
φ
)
tˆ
=
(
∂(φ−1)
∂t
k + φ−1
∂k
∂t
)
∂t
∂tˆ
=
(−φk + φ−1 (σ1kss + σ1k3 + σ2k2))φ−2
= kˆ2
(
σ1kˆ +
√
2Te−tˆσ2
)
− kˆ + σ1kˆsˆsˆ .
Then by (15) we have
(17)
(
kˆsˆ
)
tˆ
=
[
kˆ
(
σ1kˆ +
√
2Te−tˆσ2
)
− 1
]
kˆsˆ + ∂sˆ
(
kˆtˆ
)
= σ1
(
kˆsˆ
)
sˆsˆ
+
(
4σ1kˆ
2 + 3
√
2Te−tˆσ2kˆ − 2
)
kˆsˆ .
The key evolution equation we require is for ‖kˆsˆ‖22.
Lemma 5.1. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12). There exist
continuous functions ξ1, ξ2 such that
d
dtˆ
∫
γˆ
kˆ2sˆ dsˆ = −2σ1
∫
γˆ
kˆ2sˆsˆ dsˆ− (1 + α)
∫
γˆ
kˆ2sˆ dsˆ
+
(
7σ1kˆ
2(ξ1(tˆ)) + 5
√
2Te−tˆσ2kˆ(ξ2(tˆ))− (2 − α)
)∫
γˆ
kˆ2sˆ dsˆ ,
for any α ∈ R.
Proof. We calculate
d
dtˆ
∫
γˆ
kˆ2sˆ dsˆ =
d
dtˆ
∫
γˆ
kˆ2sˆ |γˆuˆ| duˆ =
∫
γˆ
(
kˆ2sˆ
)
tˆ
|γˆuˆ| duˆ+
∫
γˆ
kˆ2sˆ |γˆuˆ|tˆ duˆ
=
∫
γˆ
2kˆsˆ
(
kˆsˆ
)
tˆ
dsˆ+
∫
γˆ
kˆ2sˆ
[
−kˆ
(
σ1kˆ +
√
2Te−tˆσ2
)
+ 1
]
dsˆ
= 2σ1
∫
γˆ
kˆsˆkˆsˆsˆsˆ dsˆ+ 7σ1
∫
γˆ
kˆ2kˆ2sˆ dsˆ+ 5
√
2Te−tˆσ2
∫
γˆ
kˆkˆ2sˆ dsˆ− 3
∫
γˆ
kˆ2sˆ dsˆ
= −2σ1
∫
γˆ
kˆ2sˆsˆ dsˆ+ 7σ1
∫
γˆ
kˆ2kˆ2sˆ dsˆ+ 5
√
2Te−tˆσ2
∫
γˆ
kˆkˆ2sˆ dsˆ− 3
∫
γˆ
kˆ2sˆ dsˆ .
Using the mean value theorem for integrals (see the appendix in [33] for example) we have
d
dtˆ
∫
γˆ
kˆ2sˆ dsˆ = −2σ1
∫
γˆ
kˆ2sˆsˆ dsˆ+ 7σ1
∫
γˆ
kˆ2kˆ2sˆ dsˆ+ 5
√
2Te−tˆσ2
∫
γˆ
kˆkˆ2sˆ dsˆ− 3
∫
γˆ
kˆ2sˆ dsˆ
= −2σ1
∫
γˆ
kˆ2sˆsˆ dsˆ− 3
∫
γˆ
kˆ2sˆ dsˆ
+
(
7σ1kˆ
2(ξ1(tˆ)) + 5
√
2Te−tˆσ2kˆ(ξ2(tˆ))
)∫
γˆ
kˆ2sˆ dsˆ .
Splitting up the second integral on the right hand side yields the lemma. 
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We are now ready to prove our main result for this section.
Theorem 5.2 (Eventual convexity). Let γˆ : S1 × [0,∞)→ R2 be a solution to the rescaled flow
(12). Set
Tmax :=
1
2πσ1σ2
min{L0σ1, A0σ2} ,
where L0 and A0 are the initial length and enclosed area of the original (not rescaled) flow.
Suppose that the initial data of the original flow satisfies
(18)
√
L0‖ks‖2
∣∣∣
t=0
≤ 1
14σ1


√
25σ22 +
14σ1(2− α)
Tmax
− 5σ2

 ,
for some α ∈ (0, 2). Then the rescaled flow converges to a standard round circle as tˆ→∞.
Proof. We make the following assumption:
(19) For all tˆ the function kˆ(·, tˆ) has a zero.
Our goal in this proof is to contradict (19). Assumption (19) implies the estimate
kˆ ≤
∫
γˆ
|kˆsˆ| dsˆ .
Therefore
7σ1kˆ
2 + 5
√
2Te−tˆσ2kˆ ≤ 7σ1Lˆ‖kˆsˆ‖22 + 5
√
2Tσ2e
−tˆ
√
Lˆ‖kˆsˆ‖2
≤
√
Lˆ‖kˆsˆ‖2
(
7σ1
√
Lˆ‖kˆsˆ‖2 + 5σ2
√
2Te−tˆ
)
Setting x =
√
Lˆ‖kˆsˆ‖2 we require 7σ1x2 + 5σ2e−tˆ
√
2Tx < 2 − α. Since we have no control
over how large tˆ is, we rephrase this as 7σ1x
2 + 5σ2
√
2Tx < 2−α. As x ≥ 0, the condition we
require is
14σ1
√
Lˆ‖kˆsˆ‖2 ≤
√
50Tσ22 + 28σ1(2− α)− 5σ2
√
2T .
The function b 7→ −b+
√
b2 + 28σ1(2− α) is decreasing, and so our condition is
14σ1
√
Lˆ‖kˆsˆ‖2 ≤
√
50Tmaxσ22 + 28σ1(2− α)− 5σ2
√
2Tmax .
Under this condition ‖kˆsˆ‖22 is initially decreasing exponentially fast. However we need to satisfy
(18) for positive tˆ so that exponential decay continues. This is difficult because of the rescaled
length factor. Set
L˜(tˆ) = e−tˆLˆ(tˆ) .
Then L˜′ ≤ 0, in particular,
L˜(tˆ) ≤ L˜(0)−
∫ tˆ
0
σ1‖kˆ‖22 + 2πσ2
√
2Te−tˆ dtˆ .
While the bound (18) is satisfied, we have
d
dtˆ
(
L˜
∫
γˆ
kˆ2sˆ dsˆ
)
≤ −(1 + α)L˜
∫
γˆ
kˆ2sˆ dsˆ ,
or
d
dtˆ
(
e(1+α)tˆL˜
∫
γˆ
kˆ2sˆ dsˆ
)
≤ 0 .
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This gives the decay estimate
Lˆ
∫
γˆ
kˆ2sˆ dsˆ ≤ Lˆ(0)‖kˆsˆ‖22(0)e−αtˆ .
Now there are only two remaining possibilities. Either ‖kˆsˆ‖22 or Lˆ converges to zero.
Case 1. ‖kˆsˆ‖22 converges to zero. This is a contradiction, since it would imply kˆ is asymptotic
to a constant in L2, however as γˆ is closed, this constant has to be strictly positive. But then for tˆ
sufficiently large the function kˆ has no zeroes; a contradiction with assumption (19).
Case 2. Lˆ converges to zero. Note that L(t) also converges to zero, since L˜(tˆ) = e−tˆLˆ(tˆ).
Then the calculation in Lemma 4.1 applies to show that Aˆ → σ1π > 0. But this contradicts the
isoperimetric inequality.
Therefore in any case we must have at some time strict convexity of the flow. After this time
it remains so, and the theory in the first part of the paper applies to yield smooth convergence to
a standard round circle. 
6. A LIFESPAN THEOREM
In this section we estimate the maximal time from below. We follow the literature (primarily
for higher-order flows, see the original work of Kuwert-Scha¨tzle [23], which was later extended
to other settings [3, 24, 25, 26, 35, 36]). The idea for this kind of estimate can be traced back to
work of Struwe on the harmonic map heat flow [34]. Each new setting requires different integral
estimates; in the setting we study here, we use for the first time a product of two functionals (for
scale-invariance reasons) and new arguments to contradict T = λ. This is because the standard
approach (that this implies the flow may be smoothly extended) may not be strictly true. Indeed,
it is a reasonable possibility that the length would contract to zero so quickly that the quantity
L‖k‖22 remains small while the solution shrinks to a point. In order to rule this out, we use an
argument relying on isoperimetry and the continuous rescaling from Section 4.
We use the notation
Lφ =
∫
γ
φds , and LBρ(x) =
∫
γ−1(Bρ(x))
ds
to denote localised length. In the equation above, φ = φ˜ ◦ γ, with φ˜ : R2 → [0, 1] a smooth
function such that
χBρ/2(x) ≤ φ˜ ≤ χBρ(x)
and
|φs| ≤ c
ρ
.
To indicate that we are using φ as above, we say simply that φ is a smooth cutoff function on balls
of radii ρ and ρ/2.
We warm up with the following lemma, that contains a key integral estimate.
Lemma 6.1. Let γ : S1 × [0, T ) → R2 be a solution to (2). Let T ∗ ∈ [0, T ), ρ > 0 be given.
Suppose
(20) sup
t∈[0,T∗]
sup
x∈R2
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds ≤ ε ≤ 1
16
.
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Suppose additionally that γ is not convex on [0, T ∗], that is, that k(·, t) : S1 → R has a zero for
each t ∈ [0, T ∗]. Then for all t ∈ [0, T ∗] we have
Lφ4
∫
γ
k4φ4 ds ≤ 1
2
Lφ4
∫
γ
k2sφ
4 ds+
cε2
ρ2
.
for an absolute constant c > 0, and where φ is a smooth cutoff function on balls of radii ρ and
ρ/2 centred anywhere.
Proof. For brevity let ψ := φ4. We calculate
Lψ
∫
γ
k4ψ ds = (k2φ2)(ξ(t))Lψ
∫
γ
k2φ2 ds
≤ 2Lψ
∫
γ
k2φ2 ds
∫
γ
kksφ
2 ds+ 2Lψ
∫
γ
k2φ2 ds
∫
γ
k2φφs ds
≤ 2Lψ
∫
γ
k2φ2 ds
(∫
γ
k2χBρ(x) ds
∫
γ
k2sψ ds
) 1
2
+
cLψ
ρ
∫
γ
k2φ2 ds
∫
γ
k2φds
≤ δLψ
∫
γ
k2sψ ds+
Lψ
δ
(∫
γ
k2φ2 ds
)2 ∫
γ
k2χBρ(x) ds
+ δ
(∫
γ
k2φ2 ds
)2
+
cL2ψ
δρ2
(∫
γ
k2φds
)2
≤ δLψ
∫
γ
k2sψ ds+
L2ψ
δ
∫
γ
k4ψ ds
∫
γ
k2χBρ(x) ds
+ δLψ
∫
γ
k4ψ ds+
cε2
δρ2
≤ δLψ
∫
γ
k2sψ ds+
(
δ + ε
1
δ
)
Lψ
∫
γ
k4ψ ds+
cε2
δρ2
.
Let us take δ = 14 and assume ε ≤ 116 ; then absorb to find
Lψ
∫
γ
k4ψ ds ≤ 1
2
Lψ
∫
γ
k2sψ ds+
cε2
ρ2
,
as required. 
Now we prove the key integral estimate that controls the concentration of curvature along the
flow.
Proposition 6.2. Let γ : S1 × [0, T ) → R2 be a solution to (2). Let T ∗ ∈ [0, T ), ρ > 0 be
given. Suppose that γ is not convex on [0, T ∗], that is, that k(·, t) : S1 → R has a zero for each
t ∈ [0, T ∗]. There exists an absolute constant ε0 > 0 such that if
sup
t∈[0,T∗]
sup
x∈R2
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds = ε ≤ ε0 ≤ 1
16
,
then
(21) Lφ4
∫
γ−1(B ρ
2
(x))
k2 ds ≤
(
Lφ4
∫
γ−1(Bρ(x))
k2 ds
)∣∣∣∣
t=0
+ c0t(1 + ρ
−2)ε , t ∈ [0, T ∗] ,
for a constant c0 > 0 depending only on σ1 and σ2.
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Proof. We again let ψ := φ4. Differentiating,
d
dt
(
Lψ
∫
γ
k2ψ ds
)
=
∫
γ
k2ψ ds
(∫
γ
(−σ1k2 − σ2k)ψ ds+ 4
∫
γ
φtφ
3 ds
)
+ Lψ
∫
γ
4k2φ3(Dφ˜|γ · ν)(σ1k + σ2) ds
+ Lψ
∫
γ
(2k(σ1kss + k
2(σ1k + σ2))− σ1k4 − σ2k3)ψ ds
= −2Lψσ1
∫
γ
k2s ψ ds− 8Lψσ1
∫
γ
ksk φ
3φs ds
− σ1
(∫
γ
k2ψ ds
)2
− σ2
∫
γ
k2ψ ds
∫
γ
kψ ds
+ Lψ
∫
γ
(σ1k
4 + σ2k
3)ψ ds
+ 4Lψ
∫
γ
k2φ3(Dφ˜|γ · ν)(σ1k + σ2) ds
+ 4
∫
γ
k2ψ ds
∫
γ
(Dφ˜|γ · ν)(σ1k + σ2)φ3 ds
≤ −2Lψσ1
∫
γ
k2s ψ ds− σ1
(∫
γ
k2ψ ds
)2
− σ2
∫
γ
k2ψ ds
∫
γ
kψ ds
− 8Lψσ1
∫
γ
ksk φ
3φs ds+ Lψ
∫
γ
(σ1k
4 + σ2k
3)ψ ds
+ 4Lψ
∫
γ
k2φ3(Dφ˜|γ · ν)(σ1k + σ2) ds
+ 4
∫
γ
k2ψ ds
∫
γ
(Dφ˜|γ · ν)(σ1k + σ2)φ3 ds .
We observe the estimates
−8Lψσ1
∫
γ
ksk φ
3φs ds ≤ 4δLψσ1
∫
γ
k2s ψ ds+
4σ1c
2
ρ2δ
Lψ
∫
γ
k2 φ2 ds ,
Lψ
∫
γ
4k2φ3(Dφ˜|γ · ν)(σ1k + σ2) ds ≤ cσ1
ρ
Lψ
∫
γ
k3φ3 ds+
cσ2
ρ
Lψ
∫
γ
k2 φ3 ds
≤ σ1
2
Lψ
∫
γ
k4ψ ds+
cσ1
ρ2
Lψ
∫
γ
k2 φ2 ds
+
cσ2
ρ2
Lψ
∫
γ
k2 φ2 ds+ cσ2Lψ
∫
γ
k2 ψ ds ,
4
∫
γ
k2ψ ds
∫
γ
(Dφ˜|γ · ν)(σ1k + σ2)φ3 ds− σ2
∫
γ
k2ψ ds
∫
γ
kψ ds
≤
(
cσ1
ρ
+ σ2
)
L
1
2
φ2
(∫
γ
k2ψ ds
) 3
2
+
cσ2
ρ
Lφ3
∫
γ
k2ψ ds
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≤ σ1
4
(∫
γ
k2ψ ds
)2
+ c(σ1ρ
−2 + σ22σ
−1
1 + σ2ρ
−1)ε
≤ σ1
4
Lψ
∫
γ
k4ψ ds+ c(σ1ρ
−2 + σ22σ
−1
1 )ε ,
Lψσ2
∫
γ
k3ψ ds ≤ σ1
4
Lψ
∫
γ
k4ψ ds+
σ22
σ1
Lψ
∫
γ
k2 ψ ds ,
2Lψσ1
∫
γ
k4ψ ds ≤ Lψσ1
∫
γ
k2sψ ds+
cσ1ε
2
ρ2
.
The last estimate follows from Lemma 6.1. Therefore we have
d
dt
(
Lψ
∫
γ
k2ψ ds
)
≤ −Lψσ1
∫
γ
k2s ψ ds− σ1
(∫
γ
k2ψ ds
)2
+ c0(1 + ρ
−2)ε ,
where c0 is a constant depending only on σ1, σ2 and φ˜. Integrating, we find
Lψ
∫
γ
k2ψ ds+
∫ t
0
(
Lψσ1
∫
γ
k2s ψ ds+ σ1
(∫
γ
k2ψ ds
)2)
dt′
≤ Lψ(0)
∫
γ
k2ψ ds
∣∣∣∣
t=0
+ c0(1 + ρ
−2)tε .
This estimate implies (21). 
Theorem 6.3 (Lifespan theorem). Let γ : S1 × [0, T ) → R2 be a non-convex solution to (2).
There are constants ρ ∈ (0, 1), ε1 > 0, and c0 <∞ such that
sup
x∈R2
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds
∣∣∣
t=0
= ε(x) ≤ ε1
implies that the maximal time T satisfies
T ≥ 1
c0
ρ2 ,
and we have the estimate
(22) LB ρ
2
(x)
∫
γ−1(B ρ
2
(x))
k2 ds ≤ cε1 for 0 ≤ t ≤ 1
c0
ρ2.
Proof. We make the definition
(23) η(t) = sup
x∈R2
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds .
By covering Bρ(x) ⊂ R2 with several translated copies of B ρ
2
there is a universal constant cη
such that
(24) η(t) ≤ cη sup
x∈R2
LB ρ
2
(x)
∫
γ−1(B ρ
2
(x))
k2 ds .
By short time existence the function η : [0, T )→ R is continuous. We now define
(25) t0 = sup{0 ≤ t ≤ min(T, λ) : η(τ) ≤ δ for 0 ≤ τ ≤ t},
where λ, δ are parameters to be specified later.
28 SHUHUI HE, GLENWHEELER, VALENTINA-MIRAWHEELER
The proof continues in three steps.
t0 = min(T, λ),(26)
t0 = λ =⇒ Lifespan theorem,(27)
T 6=∞ =⇒ t0 6= T .(28)
The three statements (26), (27), (28) together imply the Lifespan theorem. The argument is as
follows: first notice that by (26) t0 = λ or t0 = T , and if t0 = λ then by (27) we have the Lifespan
theorem. Also notice that if t0 =∞ then T =∞ and the Lifespan theorem follows from estimate
(30) below (used to prove statement (27)). Therefore the only remaining case where the Lifespan
theorem may fail to be true is when t0 = T <∞. But this is impossible by statement (28), so we
are finished.
To prove step 1, suppose it is false. This means that t0 < λ. This implies that on [0, t0) we
have η(t) ≤ δ, and η(t0) = δ. Setting φ˜ to be a cutoff function that is identically one on B ρ
2
(x)
and zero outside Bρ(x), so that φ = φ˜ ◦ γ has the corresponding properties on the preimages of
these balls under γ, Proposition 6.2 implies
LB ρ
2
(x)
∫
γ−1(B ρ
2
(x))
k2 ds ≤
(
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds
)∣∣∣∣
t=0
+ c0(1 + ρ
−2)tε1 , t ∈ [0, t0) .
We use the assumption ρ ≤ 1 to conclude
(29)
LB ρ
2
(x)
∫
γ−1(B ρ
2
(x))
k2 ds ≤
(
LBρ(x)
∫
γ−1(Bρ(x))
k2 ds
)∣∣∣∣
t=0
+ 2c0ρ
−2tε1 , t ∈ [0, t0) .
The aforementioned covering argument yields
(30) LBρ(x)
∫
γ−1(Bρ(x))
k2 ds ≤ cηε1 + 2cηc0ρ−2λε1 .
We choose δ = 3cηε1, and ε1 small enough such that δ ≤ ε0 where ε0 is the constant from
Proposition 6.2. Then, picking λ = ρ2/c0, the estimate (30) implies
3cηε1 = η(t) < 3cηε1 , for all 0 ≤ t ≤ t0 ,
which is a contradiction.
We have also proved the second step (27). Observe that if t0 = λ then by the definition (25)
of t0,
T ≥ λ = ρ2/c0 ,
which is the lower bound for maximal time claimed by the Lifespan theorem. That is, we have
proved if t0 = λ, then the Lifespan theorem holds, which is the second step. The estimate (22)
follows from η(t) ≤ 3cηε1 above, valid for t ∈ [0, t0].
We assume
t0 = T 6=∞;
since if T = ∞ then the lower bound on T holds automatically and again the previous estimates
imply the a-priori control (29) on LB ρ
2
(x)‖k‖22,γ−1(B ρ
2
(x)). Note also that we can safely assume
T < λ, since otherwise we can apply step two to conclude the Lifespan theorem.
We now show that this can only lead to a contradiction. Suppose first that L is asymptotic to
µ > 0. Then by hypothesis ‖k‖22 is uniformly bounded and by a compactness theorem (see e.g.
[4]) the flow has a C1,α limit as t → T . Local existence and uniqueness for such initial data (by
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using an argument analogous to Deckelnick [12] for example) we may extend the flow past T , a
contradiction.
The only remaining possibility is that L is asymptotic to zero. Note that the isoperimetric
inequality implies that A is also asymptotic to zero. Now consider the rescaled flow γˆ as in
Section 5. Note that the proof of Lemma 4.1 works in this case without change, and implies that
(31) lim
tˆ→∞
Aˆ = σ1π .
Since the area and length of γ approach zero, there is a time t∗ such that for all t > t∗,
L‖k‖22(t) = sup
x∈R2
LB ρ
2
(x)‖k‖22,γ−1(B ρ
2
(x))(t) .
Therefore, for t > t∗ we have the uniform estimate L‖k‖22 ≤ ε. We now calculate for the rescaled
flow
lim
tˆ→∞
Lˆ2 = lim
t→T
L2
2T − 2t
= lim
t→T
−L(−σ1‖k‖22 − 2πσ2)
= σ1 lim
t→T
L‖k‖22
so that Lˆ2(tˆ) ≤ σ1ε + c1(tˆ), where c1(tˆ) → 0 as tˆ → ∞. The isoperimetric inequality implies
Lˆ2 ≥ 4πAˆ, so that by (31) we have Lˆ2(tˆ) ≥ 4σ1π2 − c2(tˆ), where c2(tˆ)→ 0 as tˆ→∞. This is
a contradiction for tˆ sufficiently large, so long as ε < 4π2 (which is an absolute constant).
This establishes (28) and finishes the proof of the theorem. 
7. APPLICATION OF THE LIFESPAN THEOREM TO BLOWUPS
In this section we outline how to prove Theorem 1.3. The key assumption is that
(32) Suppose that γt do not contract to a round point as tր T .
The first dot point follows because if γt were convex at any time, then Theorem 1.1 would apply
with γt as initial data and the flow would contract to a round point. This is in contradiction with
(32).
The second dot point follows because if at any time that inequality is violated then the second
part of Theorem 1.1 applies and we again have contraction to a round point.
For the third dot point, our idea is as follows. We use the Lifespan theorem 1.2 at each t to
rescale the solution, producing a sequence that converges to a limiting flow. This limiting flow
is called a blowup. We calculate that it solves the curve shortening flow and is ancient. To this
flow we apply a theorem of Daskalopoulos-Hamilton-Sesum [11], that gives our desired partial
classification (the third dot point).
Let us define the critical radius
rt = sup
{
ρ > 0 : ∀x ∈ R2 , LBρ(x)
∫
γ−1(Bρ(x))
k2 ds ≤ ε1
}
for t ∈ [0, T ). Note that
LBrt(x)
∫
γ−1(Brt (x))
k2 ds ≤ ε1 ∀x ∈ R2
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and that there exists for each t ∈ [0, T ) an xt ∈ R2 such that
LBrt(xt)
∫
γ−1(Brt (xt))
k2 ds ≥ ε1 .
The Lifespan Theorem implies that (for T the maximal existence time)
c−10 r
2
t ≤ T − t , for 0 ≤ t < T .
In particular this implies rt → 0 as t ր T (for T < ∞). Let us now introduce the notation
γt(·) := γ(·, t). Consider the discrete rescaling
γtv :=
1
rt
(γt+vr2t − xt)
for 0 ≤ v ≤ c0. Note that γtv : S× [−r−2t t, r−2t (T − t))→ R2, and
(33) ∂vγ
t
v = (σ1rtkt+vr2t + σ2rt)νt+vr2t = (σ1kγtv + σ2rt)νγtv .
Then
L
γtv
B1(x)
∫
(γtv)
−1(B1(x))
k2γtv dsγtv = L
γt
Brt (x)
∫
γ−1t (Brt (x))
k2γt dsγt ≤ cε1 ,
for −r−2t T ≤ v ≤ c0, 0 ≤ t ≤ T , x ∈ R2. A standard argument yields uniform esti-
mates for all derivatives of curvature for the flows γtv where v ≤ c0. Therefore a compact-
ness theorem applies and we deduce the existence of subsequences tj → T such that the flows
(γ
tj
v )v∈[−r−2tj T,c0]
converge after reparametrisation smoothly on compact subsets of R2 to a flow
(γ∞v )v∈(−∞,c0] : S
∞ → R2, where S∞ is an open 1-manifold without boundary, possibly not
connected. If S∞ contains a compact component, then S∞ is equal to this component, that is, has
no further components.
We compute that the blowup γ∞ satisfies for v ∈ (−∞, c0] the evolution equation
∂vγ
∞
v = σ1kγtvνγtv .
The blowup is therefore an ancient non-convex solution to the curve shortening flow. Note that
for v ∈ (−∞, 0) curvature is uniformly bounded and we have ‖k‖1 ≤ cε1. If the blowup is
embedded and compact, Daskalopoulos-Hamilton-Sesum [11] implies that the blowup must be
convex. Therefore each component of the blowup must be either noncompact, nonembedded, or
both.
APPENDIX A. ESTIMATES FOR THE CONVEX FLOW
This section follows ideas of Chou-Zhu for anisotropic flows by curvature. We produce the
details here in our special case for the convenience of the reader.
We shall investigate the asymptotic behaviour of the flow with the key assumption being con-
vexity. We claim that a family of closed embedded convex plane curves contract to a circular
point as t approaches the final time T . As seen in section 3, the curvature k tends to infinity as
t → T because the area vanishes. In order to control the blow up of curvature, we are going to
rescale the curve in such a way that its enclosed area approaches a positive constant. The proof
relies on a uniform bound on the rescaled curvature.
Let us introduce parametrisation by angle. We define the normal angle ϑ to be the angle made
by the inner normal of a curve γ and the positive x-axis. For a fixed time, the simple, closed,
convex curve γ can be parametrised by normal angle ϑ in such a way that γ = γ(ϑ), with inner
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unit normal ν(ϑ) = −(cosϑ, sinϑ). Under such a parametrisation, the support function of γ,
denoted h(γ) = 〈γ,−ν〉, takes the special form h(γ(ϑ)) = 〈γ(ϑ), (cosϑ, sinϑ)〉.
We recall two results regarding this parametrisation that are independent of the flow.
Lemma A.1. Let γ : S1 → R be a closed embedded convex plane curve. The support function
h : S1 → R defined as h(γ(ϑ)) = 〈γ,−ν〉 = 〈γ(ϑ), (cosϑ, sinϑ)〉 is related to the curvature
k(ϑ) in such way
h+ hϑϑ =
1
k
.
Let us define the width of a convex curve in the (cosϑ, sinϑ) direction to be
w(ϑ) = h(ϑ) + h(ϑ+ π).
The next lemma relates the width to the entropy
E(γ(ϑ)) =
1
|γ|
∫
γ
log(k) dϑ .
Lemma A.2. Let γ : S1 → R be a closed, embedded, convex plane curve with support function
h : S1 → R as defined in Lemma A.1. There exists a positive constant C such that for all ϑ ∈ S1,
w(ϑ) ≥ Ce−E(γ).
Furthermore, if the entropy E(γ) is uniformly bounded from above, then w(ϑ) > 0.
Next, let us derive an a priori estimate on the speed F (θ, t) of the flow (2).
Proposition A.3. Let γ : S1× [0, T )→ R2 be a family of closed, embedded, convex plane curves
evolving by the flow (2). Define
(34) M2 = sup
θ∈[0,2pi)
(F 2 + F 2θ )(θ, 0) .
The speed of the flow F (θ, t) satisfies:
(35) sup
θ∈[0,2pi)
|Fθ(θ, t)| ≤M +
∫ 2pi
0
|F (θ, t)| dθ , and
(36) Fmax(t) ≤M1
(
1 +
∫ 2pi
0
|F (θ, t)| dθ
)
,
whereM1 = max{2πM, 2π + (2π)−1}, and
(37) Fmax(t) ≤ 2F (θ, t) + M
2π
for all θ satisfying |θ−θ∗(t)| ≤ 14pi , where θ∗ is such thatF (θ, t) ≤ F (θ∗(t), t) for all θ ∈ [0, 2π].
The proof uses the following lemmata:
Lemma A.4. The speed of the flow F : S1 × [0, T )→ R satisfies
(38) Ft = σ1k
2(Fθθ + F ).
Proof. This follows by combining (7) with the definition of F (recall (2)). 
Lemma A.5. Let F : S1 × [0, T ) → R be the speed of the flow (2). Set M2 as in (34). Then
(F 2 + F 2θ )(θ, t) > M
2 implies Ft(θ, t) ≥ 0.
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Proof. Fix a point (θ0, t0) for some t0 > 0, and let
(39) B = (F 2 + F 2θ )
1/2(θ0, t0).
Assume that B > M . We need to show that Ft(θ0, t0) ≥ 0, which is equivalent to showing
(Fθθ + F )(θ0, t0) ≥ 0 (by Lemma A.4).
Pick ξ ∈ (−π, π) such that F (θ0, t0) = B cos ξ and Fθ(θ0, t0) = −B sin ξ. This is possible
due to the differentiability of F . Let us denote
F ∗(θ) = B cos(θ − θ0 + ξ),
and consider the function
G(θ, t) = F (θ, t)− F ∗(θ).
It is straightforward to see that G(θ0, t0) = 0 and Gθ(θ0, t0) = 0, hence the point (θ0, t0) is a
double root for G(·, t0).
Now we aim to show that, using the Sturmian oscillation theorem, this must be the only root
forG. Since F (θ, t), and henceG(θ, t), are 2π-periodic functions, without loss of generality, we
perform analysis on the interval (θ0 − ξ − π, θ0 − ξ + π). As B > M and (F 2 + F 2θ ) is initially
bounded byM2, we obtain
G(θ0 − ξ, 0) = F (θ0 − ξ, 0)−B ≤ sup |F (θ, 0)| − B < 0.
So on at least one interval,G is initially negative. At the end points θ = θ0 − ξ ± π, we have
G(θ0 − ξ ± π, 0) = F (θ0 − ξ ± π, 0)− F ∗(θ0 − ξ ± π, 0) = F (θ0 − ξ ± π, 0)−B cos(±π)
≥ F (θ0 − ξ − π, 0) +B > 0 .
Therefore, there is at least two open interval on which G is initially positive. This implies that
there are at least two roots for G at time t = 0. Consider θ1 in the interval (θ0 − ξ − π, θ0 − ξ).
We have sin(θ1 − θ0 + ξ) < 0. If θ1 is an initial root of G, (that is, G(θ1, 0) = 0) then
F (θ1, 0) = F
∗(θ1). We compute
Gθ(θ1, 0) = Fθ(θ1, 0) +B sin(θ1 − θ0 + ξ)
<
(
B2 − F 2(θ1, 0)
)1/2
+B sin(θ1 − θ0 + ξ)
=
(
B2 −B2 cos2(θ1 − θ0 + ξ)
)1/2
+B sin(θ1 − θ0 + ξ) = 0 .
Thus G is decreasing at every root on the interval (θ0 − ξ − π, θ0 − ξ). This means that there
can be only one simple root in the interval (θ0 − ξ − π, θ0 − ξ). Indeed, if there were another
root forG after the first, then at this root we must haveGθ ≥ 0, which is impossible by the above
calculation. A similar argument applies on (θ0 − ξ, θ0 − ξ + π), yielding that at any root θ2 in
this interval we have Gθ(θ2, 0) > 0. We conclude that G has only two simple roots at t = 0.
By Sturmian theory (see for example [15]), for G(θ, t) satisfying the parabolic differential
equationGt = σ1k
2Gθθ, with two simple roots at initial time over its entire domain, there can be
at most two simple roots (counted with multiplicity) at all later times t = t0 > 0. As G(θ0, t0) is
a double root, it must be the only root forG(·, t0).
To show that G(θ0, t0) is a minimum value for G(·, t0), we consider
G
(
θ0 − ξ ± π
2
, t0
)
= F
(
θ0 − ξ ± π
2
, t0
)
−B cos
(
±π
2
)
= F
(
θ0 − ξ ± π
2
, t0
)
.
Since F is initially positive by convexity and the assumption that σi ≥ 0, the maximum principle
implies that F remains positive. Therefore G(θ0 − ξ ± pi2 , t0) > 0. As we have deduced from
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the Sturmian theorem that (θ0, t0) is the only zero for G(·, t0), G(·, t0) is non-negative and so
G(θ0, t0) is a strict local minimum value for G(·, t0), as required. Therefore Gθθ(θ0, t0) =
(Fθθ + F )(θ0, t0) is non-negative. We have proved that
(F 2 + F 2θ )
1
2 (θ0, t0) > M =⇒ (Fθθ + F )(θ0, t0) ≥ 0
which implies Ft(θ0, t0) ≥ 0, as required. 
We are now ready to prove Proposition A.3.
Proof of Proposition A.3. Let us fix a time t1 > 0 and let M
2 be as in (34). Since estimate (35)
is trivial for t = 0, we may take
t0 = sup{t ∈ [0, T ) : (35) holds} .
Since σ1, σ2 and k are non-negative, F may not vanish completely at any given time. Therefore
by continuity of the flow t0 > 0.
Suppose that t0 < T . Let t1 = t0 + ε where ε ∈ (0, T − t0) is a small parameter. If
(F 2θ + F
2)(θ, t1) ≤ M2, then obviously |Fθ(θ, t1)| ≤ M and Fmax(t1) is also bounded byM .
This is (stronger than) the estimate in (35). This contradicts the definition of t0.
Therefore it must be the case that (F 2θ + F
2)(θ, t1) > M
2 for some θ ∈ [0, 2π). This implies
that there exists a first θ1 ∈ [0, 2π) such that (F 2θ +F 2)(θ1, t1) = M2 and (F 2θ +F 2)(θ, t1) < M2
for θ ∈ [0, θ1). There exists a maximal interval (θ1, θ2) such that (F 2θ + F 2)(θ, t1) > M2 for
θ ∈ (θ1, θ2). Then by Lemma A.5
(40) Ft(θ, t1) ≥ 0 for all θ ∈ (θ1, θ2).
Note that by continuity of Fθ , for ε sufficiently small it can not be the case that θ1 = 0 and
θ2 = 2π. Indeed, we have that |Fθ(θ, t0)| ≤M +
∫ 2pi
0 |F (θ, t0)| dθ with equality achieved at one
or more isolated points.
Note that Fθ may not achieve equality in this estimate on any open interval, otherwise by
analyticity of the flow it is constant on [0, 2π) and then Fθθ(θ, t0) = 0, which means kθ is
constant. As the flow is closed, k must be itself a constant, so that γ(·, t0) is a circle. But then
Fθ = 0, so Fθ did not achieve equality after all. In fact, θ2(ε) ց θ1(ε) as ε ց 0, so clearly we
may assume that θ2 − θ1 < 2π by taking ε sufficiently small.
This means that (F 2θ + F
2)(θ2, t1) = M
2, in particular that F 2θ (θ2, t1) ≤M2. Using Lemma
A.5 we find ∫ θ2
θ
(Fθθ + F )(θ, t1) dθ ≥ 0 ,
where θ ∈ (θ1, θ2). Rearranging yields
|Fθ(θ, t1)| ≤
∣∣∣∣∣Fθ(θ2, t1) +
∫ θ2
θ
F (θ, t1) dθ
∣∣∣∣∣
≤M +
∫ 2pi
0
|F (θ, t1)| dθ .
Now by assumption we have F 2θ (θ, t1) ≤ M2 for all θ ∈ [0, θ1]. Combining this with the above
we have
sup
θ∈[0,θ2]
|Fθ(θ, t1)| ≤M +
∫ θ2
0
|F (θ, t1)| dθ.
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Finally, the above argument holds on all maximal intervals (θ1, θ2)where the estimate F
2+F 2θ ≤
M2 fails. Arguing as above for each of these intervals, we obtain the estimate
sup
θ∈[0,2pi]
|Fθ(θ, t1)| ≤M +
∫ 2pi
0
|F (θ, t1)| dθ.
This implies that (35) holds for t = t1 > t0, which is a contradiction. Therefore t0 = T .
Now we show the remaining estimates in Proposition A.3. By fundamental theorem of calcu-
lus,
Fmax(t) ≤ 1
2π
∣∣∣∣
∫ 2pi
0
F (θ, t) dθ
∣∣∣∣ +
∫ 2pi
0
|Fθ(θ, t)| dθ
≤ 1
2π
∫ 2pi
0
|F (θ, t)| dθ + 2π
(
M +
∫ 2pi
0
|F (θ, t)| dθ
)
≤M1
(
1 +
∫ 2pi
0
|F (θ, t)| dθ
)
whereM1 = max{2πM, 2π + (2π)−1}.
Let θ∗ be such that Fmax(t) = F (θ∗, t). Let θ ∈ (0, 2π) be such that |θ − θ∗| ≤ 14pi . The
fundamential theorem of calculus implies
Fmax(t) = F (θ, t) +
∫ θ∗
θ
Fθ(θ, t) dθ
≤ F (θ, t) + |θ∗ − θ| sup
θ∈[0,2pi]
|Fθ(θ, t)|
≤ F (θ, t) + |θ∗ − θ|
(
M +
∫ 2pi
0
|F (θ, t)| dθ
)
≤ F (θ, t) + 1
4π
(M + 2πFmax(t)) .
Making Fmax(t) the subject, we obtain
Fmax(t) ≤ 2F (θ, t) + M
2π
as desired. 
APPENDIX B. CURVATURE ESTIMATE FOR THE CONTINUOUS RESCALING
In this section we carry through details of the calculations from Chou-Zhu in the special case
of our family of flows here, for the convenience of the reader. Briefly, once we have a curvature
bound in hand, wewill obtain convergenceof the rescaled flow to a limit (using the same argument
as Huisken [21]), and then this limit must satisfy Q = 0 by Theorem 4.3.
In order to obtain pointwise information on the blowup of the curvature, we use the assumption
σ1 ≥ 1 together with the following argument.
Our goal is to prove an a-priori estimate for the rescaled curvature kˆ. Although the above
lemma gives useful information on the blowup rate for the L2-norm of curvature, it does not give
any information at all on the pointwise blowup of k. In the next lemma, we attack this problem,
first showing that its blowup rate is at worst subexponential in rescaled time.
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Lemma B.1. Let γˆ : S1× [0,∞)→ R2 be a solution to the rescaled flow (12) with convex initial
data. The maximum of rescaled curvature kˆmax(tˆ) satisfies
lim
tˆ→∞
e−tˆkˆmax(tˆ) = 0.
Proof. Note first that
ttˆ = 2Te
−2tˆ = 2T − 2T (1− e−2tˆ) = (2T − 2t) = φ−2 .
We now differentiate length L(t(tˆ)) with respect to the normalised time variable tˆ. Using Propo-
sition 2.3 and the above, we compute
Ltˆ = Ltttˆ =
(
−σ1
∫
γ
k2 ds− 2πσ2
)
φ−2
= −2Te−2tˆσ1
∫
S1
k dθ − 4Te−2tˆπσ2 .(41)
By Theorem 3.15, the length vanishes at final time t = T , and so we have limtˆ→∞ L(t(tˆ)) = 0.
Integrating (41) with respect to tˆ yields
−L(0) =
∫ ∞
0
Ltˆ dtˆ = −2T
∫ ∞
0
∫ 2pi
0
σ1ke
−2tˆ dθdtˆ− 4πT
∫ ∞
0
σ2e
−2tˆ dtˆ .
That is,
(42)
∫ ∞
0
∫ 2pi
0
Fe−2tˆ dθdtˆ =
L(0)
2T
.
Integrating the estimate (36), we find∫ ∞
0
Fmaxe
−2tˆ dtˆ ≤
∫ ∞
0
e−2tˆM1
(
1 +
∫ 2pi
0
|F | dθ
)
dtˆ
whereM1 is as in Proposition A.3. Convexity implies F ≥ 0 and so, using (42), we see that
(43)
∫ ∞
0
Fmax
(
tˆ
)
e−2tˆ dtˆ ≤ M1
2
+
L(0)
2T
.
We know that the curvature k(t(tˆ)) blows up as tˆ −→ ∞. This implies F (θ, tˆ) = σ1k + σ2 can
not have a uniform upper bound. In particular, it is eventually strictly larger than the constantM2
(see (34)). Call this time tˆ∗. Lemma A.5 implies that Ftˆ
(
θ, tˆ
) ≥ 0 on an open interval [tˆ∗, tˆ∗+ε).
Now, as F is non-decreasing along this interval, we see that F remains strictly larger than M2
and indeed may never decrease again. Taking ε to be maximal, we find that Ftˆ ≥ 0 on [tˆ∗,∞).
Since σ1 > 0, this means that k is monotone increasing for all tˆ > tˆ∗. In particular the
maximum of F is monotone increasing. The L1 in rescaled time bound (43), yields
(Fmaxe
−2tˆ)(tˆj)→ 0
along a subsequence {tˆj}∞j=1, tˆj → ∞. Since F is monotone, the limit is independent of subse-
quence and we conclude
0 = lim
tˆ→∞
Fmax(tˆ)e
−2tˆ = lim
tˆ→∞
(σ1kmax(tˆ) + σ2)e
−2tˆ = lim
tˆ→∞
σ1
e−tˆ√
2T
kˆmax(tˆ) ,
as required. 
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Define
(44) u(θˆ, tˆ) := −1 + σ1kˆ(kˆθˆθˆ + kˆ)− 2
√
2Te−tˆσ2kˆ.
A key step in obtaining a uniform bound for the entropy of the rescaled flow is the following
monotonicity of the integral of u.
Proposition B.2. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12) with convex
initial data. There exists a positive constant tˆ0 such that
f(tˆ) :=
∫ 2pi
0
u dθˆ
is non-positive for all tˆ > tˆ0.
Proof. First, we calculate
(45)
kˆtˆ =
(
k
φ
)
tˆ
=
(
∂(φ−1)
∂t
k + φ−1
∂k
∂t
)
∂t
∂tˆ
= −kˆ + σ1kˆ2
(
kˆθˆθˆ + kˆ
)
+
√
2Te−tˆσ2kˆ2.
Using (45), we compute the evolution of the entropy
(46) Eˆ(tˆ) := E(γˆ(θˆ, tˆ)) =
1
2π
∫ 2pi
0
log kˆ dθˆ
in terms of f and an error term:
2πEˆtˆ =
∫ 2pi
0
kˆtˆ
kˆ
dθˆ =
∫ 2pi
0
−1 + σ1kˆ
(
kˆθˆθˆ + kˆ
)
+
√
2Te−tˆσ2kˆ dθˆ
=
∫ 2pi
0
−1 + σ1kˆ
(
kˆθˆθˆ + kˆ
)
− 2
√
2Te−tˆσ2kˆ dθˆ +
∫ 2pi
0
3
√
2Te−tˆσ2kˆ dθˆ
=
∫ 2pi
0
u dθˆ +
∫ 2pi
0
3
√
2Te−tˆσ2kˆ dθˆ
= f +
∫ 2pi
0
3
√
2Te−tˆσ2kˆ dθˆ .(47)
We shall compute the evolution of f(tˆ). We first note the following equality, that follows easily
from integration by parts:
f(tˆ) =
∫ 2pi
0
−1− σ1kˆ2θˆ + σ1kˆ2 − 2
√
2Te−tˆσ2kˆ dθˆ.
Recall that the angle paramater θˆ is chosen to commute with the time parameter tˆ. We use this
and integration by parts to compute the evolution of f(tˆ):
f ′(tˆ) =
∫ 2pi
0
−2σ1kˆθˆkˆθˆtˆ + 2σ1kˆkˆtˆ + 2
√
2Te−tˆσ2kˆ − 2
√
2Te−tˆσ2kˆtˆ dθˆ
= 2
∫ 2pi
0
[
σ1
(
kˆθˆθˆ + kˆ
)
−
√
2Te−tˆσ2
]
kˆtˆ +
√
2Te−tˆσ2kˆ dθˆ.
Expanding out the expression of kˆtˆ using (45), we find
f ′(tˆ) = 2
∫ 2pi
0
[
σ1
(
kˆθˆθˆ + kˆ
)
−
√
2Te−tˆσ2
]
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−kˆ + σ1kˆ2
(
kˆθˆθˆ + kˆ
)
+
√
2Te−tˆσ2kˆ2
]
dθˆ
+ 2
∫ 2pi
0
√
2Te−tˆσ2kˆ dθˆ
= 2
∫ 2pi
0
−σ1kˆ
(
kˆθˆθˆ + kˆ
)
+ σ21 kˆ
2
(
kˆθˆθˆ + kˆ
)2
+ 2
√
2Te−tˆσ2kˆ − 2Te−2tˆσ22 kˆ2 .(48)
We wish to rewrite the above in terms of u and u2. We note that
u2 = 1 + σ21 kˆ
2
(
kˆθˆθˆ + kˆ
)2
+ 8Te−2tˆσ22 kˆ
2
− 2σ1kˆ
(
kˆθˆθˆ + kˆ
)
+ 4
√
2Te−tˆσ2kˆ − 4
√
2Te−tˆσ2σ1kˆ2
(
kˆθˆθˆ + kˆ
)
.
Comparing the integrand in (48) with u and u2, we obtain
f ′(tˆ) = 2
∫ 2pi
0
u2 dθˆ + 2
∫ 2pi
0
−1− 2
√
2Te−tˆσ2kˆ + σ1kˆ
(
kˆθˆθˆ + kˆ
)
− 10Te−2tˆσ22 kˆ2 + 4
√
2Te−tˆσ2σ1kˆ2
(
kˆθˆθˆ + kˆ
)
dθˆ
= 2
∫ 2pi
0
u2 dθˆ + 2
∫ 2pi
0
u dθˆ
+ 2
∫ 2pi
0
−10Te−2tˆσ22 kˆ2 + 4
√
2Te−tˆσ2σ1kˆ2
(
kˆθˆθˆ + kˆ
)
dθˆ .(49)
We wish to absorb the last term of (49) into the other terms. First, we calculate
2
∫ 2pi
0
4
√
2Te−tˆσ2σ1kˆ2
(
kˆθˆθˆ + kˆ
)
dθˆ
=
∫ 2pi
0
8
√
2Tσ2e
−tˆ
(
kˆu+ kˆ + 2
√
2Tσ2e
−tˆkˆ2
)
dθˆ
=
∫ 2pi
0
8
√
2Tσ2e
−tˆkˆu dθˆ +
∫ 2pi
0
8
√
2Tσ2e
−tˆkˆ dθˆ
+
∫ 2pi
0
32Tσ22e
−2tˆkˆ2 dθˆ .
We then apply the inequality ab ≥ − 14a2 − b2 to the RHS above, yielding
2
∫ 2pi
0
4
√
2Te−tˆσ2σ1kˆ2
(
kˆθˆθˆ + kˆ
)
dθˆ
≥ −
∫ 2pi
0
1
4
64(2T )σ22e
−2tˆkˆ2 dθˆ −
∫ 2pi
0
u2 dθˆ +
∫ 2pi
0
8
√
2Tσ2e
−tˆkˆ dθˆ
+
∫ 2pi
0
32Tσ22e
−2tˆkˆ2 dθˆ
= −
∫ 2pi
0
u2 dθˆ +
∫ 2pi
0
8
√
2Tσ2e
−tˆkˆ dθˆ .
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Combining with (49), we have
f ′(tˆ) ≥
∫ 2pi
0
u2 dθˆ + 2
∫ 2pi
0
u dθˆ − 20Tσ22
∫ 2pi
0
e−2tˆkˆ2 dθˆ(50)
+ 2
√
2Tσ2
∫ 2pi
0
4e−tˆkˆ dθˆ .
It follows from Lemma B.1 that for every δ > 0, there exists a tˆδ such that for every tˆ > tˆδ,
(51) e−tˆkˆmax
(
tˆ
) ≤ δ.
Let us briefly analyse the latter two integrals on the RHS of (50). For tˆ > tˆδ, we have
−20Tσ22
∫ 2pi
0
e−2tˆkˆ2 dθˆ + 2
√
2Tσ2
∫ 2pi
0
4e−tˆkˆ dθˆ
= 2
√
Tσ2
∫ 2pi
0
e−tˆkˆ
(√
2(4)− 10
√
Tσ2e
−tˆkˆ
)
dθˆ
≥ 0
if √
2(4)− 10
√
Tσ2e
−tˆkˆ ≥ 0 ,
which is satisfied so long as e−tˆkˆ ≤
√
2(4)
10
√
Tσ2
. Therefore, if we choose δ =
√
2(4)
10
√
Tσ2
, by (51) we
have for tˆ > tˆδ
f ′(tˆ) ≥
∫ 2pi
0
u2 dθˆ + 2
∫ 2pi
0
u dθˆ .(52)
Using Ho¨lder’s inequality, we conclude that for all tˆ > tˆδ (with δ chosen as above),
f ′(tˆ) ≥
∫ 2pi
0
u2 dθˆ + 2
∫ 2pi
0
u dθˆ
≥ 1
2π
(∫ 2pi
0
u dθˆ
)2
+ 2
∫ 2pi
0
u dθˆ
≥ 1
2π
f2(tˆ) + 2f(tˆ) .(53)
We are now ready to finish the proof. Our proof is by contradiction. Fix a positive constant δ.
We denote tˆδ to be the value such that (53) is valid for all tˆ > tˆδ . Let c > 0 be arbitrary. Suppose
that there exists tˆ1 > tˆδ such that f(tˆ1) ≥ c > 0. Thus, we have from (53) that
(54) f ′(tˆ1) ≥ 1
2π
f2(tˆ1) + 2f(tˆ1) > 0 .
This implies
f(tˆ) > c > 0, for all tˆ > tˆ1.
Hence the inequality (54) holds for all tˆ > tˆ1. We can rearrange (54) and integrate over time to
see ∫ tˆ
tˆ1
f ′(tˆ)
f2(tˆ)
dtˆ ≥
∫ tˆ
tˆ1
1
2π
dtˆ ,
or
− 1
f(tˆ)
≥ 1
2π
(tˆ− tˆ1)− 1
f(tˆ1)
.
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The positivity of f(tˆ) implies
f(tˆ) ≥ f(tˆ1)
1− f(tˆ1) 12pi (tˆ− tˆ1)
.
Let us take the sequence {tˆi} such that tˆi −→ tˆ∗, where tˆ∗ = tˆ1 + 1f(tˆ1) 12pi is a finite number. It
is clear that f(tˆi) blows up as tˆi tends to tˆ
∗. But, tˆ∗ is a finite time and as the flow is smooth, the
quantity f(tˆ∗) is bounded. This is a contradiction.
Therefore, for every c > 0,
f(tˆ) < c for all tˆ > tˆδ .
But this can only be the case if f(tˆ) ≤ 0 for all tˆ > tˆδ . This finishes the proof. 
Next we show that the rescaled entropy Eˆ(tˆ) is uniformly bounded for all tˆ ∈ [0,∞).
Proposition B.3. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12) with convex
initial data. Then for all tˆ ∈ [0,∞) the rescaled entropy satisfies
(55) Eˆ(tˆ) ≤ C ,
where
C = max
{
sup
tˆ∈[0,tˆ0)
{Eˆ(tˆ)}, Eˆ(tˆ0) + 3σ2L(0)
2πσ1
− 3Tσ
2
2
σ1
}
.
Here tˆ0 is as in the statement of Proposition B.2.
Proof. The statement is immediate for tˆ ≤ tˆ0 by definition of C. Note that the original flow
remains uniformly strictly convex, and the curvature uniformly bounded on any compact subin-
terval of [0, T ), and so the supremum suptˆ∈[0,tˆ0){Eˆ(tˆ)} is finite.
It remains to deal with the case of tˆ > tˆ0. Here, we use Proposition B.2 to estimate the
evolution of the entropy (47) by
(56) 2πEˆtˆ ≤
∫ 2pi
0
3
√
2Te−tˆσ2kˆ dθˆ .
Note that
kˆe−tˆ =
√
2Te−2tˆk =
√
2Te−2tˆ(σ−11 F − σ−11 σ2) .
Integrating (56) and using the estimate (42), we obtain
(57)
Eˆ(tˆ)− E(tˆ0) ≤ 3Tσ2
σ1π
∫ tˆ
tˆ0
∫ 2pi
0
Fe−2tˆ dθˆdtˆ− 3Tσ
2
2
σ1π
∫ tˆ
tˆ0
∫ 2pi
0
e−2tˆ dθˆdtˆ
≤ 3σ2L(0)
2πσ1
− 3Tσ
2
2
σ1
.
The proof is completed. 
The entropy bound gives many things, including a uniform estimate on rescaled length.
Lemma B.4. Let γˆ : S1× [0,∞)→ R2 be a solution to the rescaled flow (12) with convex initial
data. There exists an Lˆ0 ∈ [0,∞) depending only on the constant C in Proposition B.3 and
initial area of the rescaled flow such that
Lˆ(tˆ) ≤ Lˆ0
for all tˆ ∈ [0,∞).
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Proof. Note that we have a uniform bound on the entropy by Proposition B.3, and so Lemma
A.2 provides a uniform positive lower bound on the inradius of the rescaled flow, depending only
on the constants in the entropy bound. As the area of the rescaled curves approach a constant
(Lemma 4.1), the maximum diameter of the family of curves must be bounded from above by a
constant depending only on initial area and σ1. Since the curve γ (before rescaling) is uniformly
convex up until the final time (Theorem 3.6), the rescaled curve γˆ must also be convex. As a
result the rescaled length is bounded by π times the diameter of γˆ, and the lemma follows. 
We finally prove a uniform estimate for rescaled curvature.
Theorem B.5. Let γˆ : S1 × [0,∞) → R2 be a solution to the rescaled flow (12) with convex
initial data. There exists a kˆ1 ∈ [0,∞) such that
kˆmax(tˆ) ≤ kˆ1
for all tˆ ∈ [0,∞).
Proof. We prove this by contradiction.
Recall the speed estimate (37) in PropositionA.3. For a fixed time t and a small neighbourhood
|θ − θ∗| ≤ 1/4π around where the spatial maxima of curvature occurs, θ∗ at t, we have
σ1kmax(t) < Fmax(t) ≤ 2(σ1k(θ, t) + σ2) + M
2π
.
Apply the rescaling to obtain
σ1kˆmax
(
tˆ
) ≤ 2σ1kˆ(θˆ, tˆ)+
(
2σ2 +
M
2π
)√
2Te−tˆ,
and rearrange to see
kˆ
(
θˆ, tˆ
) ≥ 1
2
(
kˆmax − C1e−tˆ
)
,
where C1 =
1
σ1
(
2σ2 +
M
2pi
)√
2T . Thus
log kˆ
(
θˆ, tˆ
) ≥ log(kˆmax (tˆ)− C1e−tˆ)− log(2) .
Integrating yields
(58)
∫
|θˆ−θˆ∗|≤ 14pi
log kˆ
(
θˆ, tˆ
)
dθˆ ≥
∫
|θˆ−θˆ∗|≤ 14pi
log
(
kˆmax
(
tˆ
)− C1e−tˆ)− log(2) dθˆ .
Now suppose that kˆ is unbounded. The only way this can happen is asymptotically at infinity.
Thus there exists a sequence of times {tˆj} with tˆj → ∞, such that kˆmax(tˆj) → ∞. We may
assume without loss of generality that tˆ1 > tˆ0 (where tˆ0 is as in Proposition B.2) and that tˆj+1 >
tˆj .
For each tˆj > tˆ0, the entropy estimate (57) implies
(59) E
(
tˆ0
)
+
3σ2L(0)
2πσ1
− 3Tσ
2
2
σ1
≥ E (tˆj) = 1
2π
∫
S1
log kˆ
(
θˆ, tˆj
)
dθˆ.
Let us fix tˆ = tˆj , and partition of the space domain in the following way:
S
1 =
{
|θˆ − θˆ∗| ≤ 1
4π
}
∪
{
{kˆ < 1} \
{
|θˆ − θˆ∗| ≤ 1
4π
}}
∪
{
{kˆ ≥ 1} \
{
|θˆ − θˆ∗| ≤ 1
4π
}}
.
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We estimate E(tˆj) on each of these disjoint sets separately. The estimate on the first set is given
by (58). On the second set, we note that 0 > kˆ log kˆ ≥ −e−1 for kˆ ∈ (0, 1), hence
(60)
∫
{kˆ<1}\{|θˆ−θˆ∗|≤ 14pi }
log kˆ
(
θˆ, tˆj
)
dθˆ ≥
∫
{kˆ<1}\{|θˆ−θˆ∗|≤ 14pi }
kˆ
(
sˆ, tˆj
)
log kˆ
(
sˆ, tˆj
)
dsˆ
≥
∫
{kˆ<1}\{|θˆ−θˆ∗|≤ 14pi }
−1
e
dsˆ
≥ −1
e
Lˆ0
where Lˆ0 is the uniform bound on rescaled length from Lemma B.4.
Let us now consider the third set. We note that on this set log kˆ ≥ 0, and so trivially∫
{kˆ≥1}\{|θˆ−θˆ∗|≤ 14pi }
log kˆ
(
θˆ, tˆj
)
dθˆ ≥ 0 .
Combining (58), (59), (60) and the above, we obtain
E
(
tˆ0
)
+
3σ2L(0)
2πσ1
− 3Tσ
2
2
σ1
≥ 1
8π2
[
log
(
kˆmax
(
tˆj
)− C1e−tˆ)− log(2)]− 1
2eπ
Lˆ0 .
While the left hand side is a finite constant, the right hand side tends to infinity as tˆj −→ ∞,
which is a contradiction. We deduce that the normalised curvature kˆ(θˆ, tˆ) must be uniformly
bounded from above. 
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